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Abstract. We introduce the notion of a symplectic Lie affgebroid and their Lagrangian 
submanifolds in order to describe the Lagrangian (Hamiltonian) dynamics on a Lie affgebroid 
in terms of this type of structures. Several examples are discussed. 



1. Introduction 

Recently, there has been a lot of interest in the study of Lie algebroids, which can be thought 
of as "generalized tangent bundles", since they generalize Lie algebras as well as (regular) in- 
tegrable distributions. From the Physics point of view, Lie algebroids can be used to give 
geometric descriptions of Hamiltonian and Lagrangian Mechanics. In A. Weinstein intro- 
duces "Lagrangian systems" on a Lie algebroid E by means of the linear Poisson structure on 
the dual E* and a Legendre-type map from E to E* , associated to a given Lagrangian function 
L on E, provided that L is regular. In that paper, he also asks about the possibility to develop 
a geometric formalism on Lie algebroids similar to Klein's formalism in ordinary Lagrangian 
Mechanics. An answer for this question was given by Martinez in (see also using 
the notion of prolongation of a Lie algebroid over a mapping [S]. 

In |^ El] an interpretation of the Classical Lagrangian and Hamiltonian dynamics as La- 
grangian submanifolds of convenient special symplectic manifolds is described. In doing so, one 
introduces certain canonical isomorphisms which allow to build the so-called Tulczyjew's triple 
of Classical Mechanics (see [22 E2|)- I n (10j - this line of research has been followed. More 
precisely, the authors introduce the notion of a symplectic Lie algebroid and their Lagrangian 
submanifolds in order to give an interpretation of Lagrangian and Hamiltonian Mechanics on 
Lie algebroids in terms of Lagrangian submanifolds of symplectic Lie algebroids. In addition, as 
an application, the authors recover Lagrange-Poincare (respectively, Hamilton-Poincare pQ) 
equations associated with a G-invariant Lagrangian (respectively, Hamiltonian) on a principal 
G-bundle p : Q — > M as the Euler-Lagrange (respectively, Hamilton) equations on the Atiyah 
algebroid TQ/G. 

On the other hand, in (see also El U7\) a possible generalization of the concept 

of a Lie algebroid to affine bundles is introduced in order to create a geometric model which 
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provides a natural framework for a time-dependent version of Lagrange (Hamilton) equations 
on Lie algebroids. These new structures are called Lie affgebroid structures (in the terminology 
of S). 

The main aim of this paper is to introduce the notion of a Lagrangian submanifold of a sym- 
plectic Lie affgebroid and, then, to use this type of geometric objects to describe the Lagrangian 
(Hamiltonian) dynamics on Lie affgebroids. 

The paper is organized as follows. In Section 12.11 we recall the notion of a Lie algebroid and 
several constructions related with them, in particular the prolongation & E of a Lie algebroid 
t : E — > M over a smooth map / : M' — > M and the definition of the Lie algebroid structure 
of an action Lie algebroid. In Section l2~2l we describe the concept of a Lie affgebroid structure 
on an affine bundle ta ■ A — * M modelled on a vector bundle Ty : V — > M. We remark that 
if t a + : A+ = Aff{A,R) -> M is the dual bundle to A and A = {A+)* is the bidual, then 
a Lie affgebroid structure on A is equivalent to a Lie algebroid structure on A such that the 
distinguished section 1a of ta+ ■ A + — > M (corresponding to the constant function 1 on A) is 
a 1-cocycle for the Lie algebroid cohomology. 

The description of the Hamiltonian dynamics on a Lie affgebroid is presented in Section 13.11 
following |14|. This geometric framework allows to write, for a Lie affgebroid ta ■ A — * M mod- 
elled on a vector bundle Ty : V — > M, the Hamilton equations associated with a Hamiltonian 
section h : V* — > A + of the canonical projection fj, : A + — > V* . In doing so, we introduce a 
cosymplectic structure (fi/j, 77) on the prolongation C Tv A of A over t v : V* — > M. Then, the in- 
tegral curves of the Reeb section Rh of (Q^, rj) are just the solutions of the Hamilton equations. 
Alternatively, one may prove that the solutions of the Hamilton equations are just the integral 
curves of the Hamiltonian vector field (on V*) of h with respect to the canonical aff-Poisson 
structure on the line affine bundle fi : A + — > V* (see Theorem l3.2f) . Aff-Poisson structures were 
introduced in (see also [5]) as the affine version of standard Poisson structures. On the other 
hand, in Section 13.21 it is developed the corresponding Lagrangian formalism for a Lagrangian 
function L : A — > M (see j2]). In this case, we work on the prolongation C TA A of A over ta- 
We define the Poincare-Cartan 2-section Vi^ (as a section of the vector bundle A 2 (C TA A)* — * A) 
and the vertical endomorphism S (as a section of C TA A ® (C TA A)* —> A). These objects allow 
us to write the Euler-Lagrange equations for L in an intrinsic way. In the particular case, when 
L is regular the pair (CIl, 4>o) is a cosymplectic structure on C TA A, <fia being a certain 1-cocycle 
of C TA A, and the integral curves of the Reeb section Rl of (flL,(j>o) are just the solutions of 
the Euler-Lagrange equations for L. In Section l3~31 it is stated the equivalence between both 
formalisms using the Legendre transformation leg^ : A — > V* , provided that L is hyperregular 
(that is, legL '■ A — » V* is a global diffeomorphism) . In fact, we may construct a Hamiltonian 
section : V* — ► A + and we have a Lie algebroid morphism ClegL '■ C TA A — > C7 V * A over 
legL ■ A — > V* which in the hyperregular case is an isomorphism and, in addition, connects 
the Lagrangian and Hamiltonian formalism. Conversely, if h : V* — > A + is a Hamiltonian 
section, one may introduce a map Fh : V* — * A such that ta ° ¥h = Ty. Furthermore, if h is 
hyperregular (that is, Fh : V* — > A is a global diffeomorphism) then there exists a hyperregular 
Lagrangian L : A — > M such that = h and F/i = leg^ 1 . 
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In Sections 0] and we extend the construction of Tulczyjew's triple to the Lie affgebroid 
setting. More precisely, for a Lie affgebroid ta ■ A — > M we consider the space 

J A A = {(a,v) e Ax TA/ PA (a) = (Tt a )(v)}, 

where pa '■ A — » TM is the anchor map of A, and we prove that J A A admits two Lie aff- 
gebroids structures. These structures are isomorphic under the so-called canonical involution 
oa '■ J A A — * J A A associated with A. In addition, if h : V* — > A + is a Hamiltonian section 
then we define an affine isomorphism bn h (over the identity of V*) between the affine bundles 
p* A {TV*) -> V* and (L T vV)* -> V*. Here, pi(TV*) is the pull-back of the vector bundle 
Tr y : TV* -> TM over p A and £W is the prolongation of V over Ty. The map \>ci h , along 
with a canonical vector bundle isomorphism Aa ■ p* A (TV*) — > (C TA V)* (related with a a) gives 
us the Tulczyjew's triple associated with A and h. 

In Sectional we introduce the notion of a symplectic Lie affgebroid as a Lie affgebroid modelled 
on a symplectic Lie algebroid (that is, a Lie algebroid Ty : V — > M which admits a non- 
degenerate 2-cocycle). Moreover, we prove that if ta ■ A — > M is a symplectic Lie affgebroid 
then its prolongation JT" 4 ^ is also a symplectic Lie affgebroid. The notion of a Lagrangian 
Lie subaffgebroid of a symplectic Lie affgebroid is introduced, in a natural way, in Section [7| 
Examples and properties of this type of objects are discussed in this section. 
In Section |H1 using the results of Section Q we introduce the definition of a Lagrangian sub- 
manifold of a symplectic Lie affgebroid. Then, if h : V* — > A + is a Hamiltonian section we 
deduce that Sh — Rh(V*) is a Lagrangian submanifold of the symplectic Lie affgebroid p* A (TV*) 
and, in addition, there exists a bijection between admissible curves in Sh and solutions of the 
Hamilton equations for h. Similarly, given a Lagrangian function L : A — > R, we prove that 
Sl = (Aa 1 ° d c Ay L)(A) is a Lagrangian submanifold of p* A (TV*) and that there exists a 
bijection between admissible curves in Sl and solutions of the Euler-Lagrange equations for 
L. When L is hyperregular and h is the corresponding Hamiltonian section, we deduce that 
Sl = Sh- 

Finally, we describe some applications in Section OH In fact, in Section we prove that if the 
Lie affgebroid A is a Lie algebroid then we recover the results obtained in 10 about the relation 
between Lagrangian submanifolds and dynamics on Lie algebroids. In addition, in Section [9.21 
we apply the results of the paper to the particular case when the Lie affgebroid A is the Tjet 
bundle t^o : — » M of local sections of a fibration r : M — > R. As a consequence, we deduce 
that the classical Euler-Lagrange (Hamilton) equations of time-dependent Mechanics are just 
the local equations defining Lagrangian submanifolds of a symplectic Lie affgebroid. On the 
other hand, in Section r9.3l we consider a principal G-bundle p : Q —> M such that the base space 
M is fibred on R, that is, there exists a fibration v : M — > R. Then, if r = vop : we have that the 
quotient affine bundle t\^q\G : J 1 t/G — > M admits a Lie affgebroid structure in such way that 
the bidual Lie algebroid is just the Atiyah algebroid ttq\G : TQ/G — > M associated with the 
principal G-bundle p : Q —> M (see JEJ)- For this reason, the affine bundle T\fl\G : J 1 t/G — > 
M is called an Atiyah affgebroid. We obtain that, in this case, the solutions of the Euler- 
Lagrange (Hamilton) equations for a Lagrangian (resp., a Hamiltonian section) are the solutions 
of the classical nonautonomous Lagrange-Poincare (resp. Hamilton-Poincare) equations for the 
corresponding G-invariant Lagrangian (resp. G-invariant Hamiltonian section). Moreover, all 



4 



D. IGLESIAS, J.C. MARRERO, E. PADRON, D. SOSA 



these equations are reinterpreted as those defining the corresponding Lagrangian submanifolds 
of an Atiyah symplectic Lie affgebroid. 

Manifolds are real, paracompact and C°° . Maps are C°° . Sum over crossed repeated indices is 
understood. 

2. Lie algebroids and Lie affgebroids 

2.1. Lie algebroids. Let E be a vector bundle of rank n over the manifold M of dimension 
m and r : E — > M be the vector bundle projection. Denote by T(t) the C°°(M)-module of 
sections of r : E — » M. A Lie algebroid structure ([•, on £ is a Lie bracket [•, •] on the 
space r(r) and a bundle map p : J5 — > TM, called i/ie anchor map, such that if we also denote 
by p : r(r) — > X(Af) the homomorphism of C°°(Af)-modules induced by the anchor map then 
[XJY] = f[X,Y] + p(X)(f)Y, for X,Y G L(r) and / G C°°(M). The triple (£, [., ■], p) is 
called a Lie algebroid over M (see 53)- sucn a case, the anchor map p : L(r) — * X(M) is a 
homomorphism between the Lie algebras (L(t), [•, •]) and (X(M), [•, •]). 

If (E, [•,•], p) is a Lie algebroid, one may define a cohomology operator, which is called the 
differential of E, d E : L(A fc r*) — ► L(A fc+1 r*), as follows 

k 

(d E p)(x ,...,x k ) = £(-i)V(*o(M*o, ■■■,**)) 

+ J^i-iy+^dXuXjiXo, v y, X k ), 

for p E T(A k T*) and Xo, . . . , X k £ L(r). Moreover, if X G L(r) one may introduce, in a natural 
way, the Lie derivate with respect to X, as the operator : T(A k r*) — > L(A fc r*) given by 
£f =i x od E +d E oi x . 

If _E is the standard Lie algebroid TM then the differential d E = d™ is the usual exterior 
differential associated with M, which we will denote by do. 

Now, suppose that (E, [•, •],/?) and [E' , [•, •]', p') are Lie algebroids over M and M', respectively, 
and that F : E 1 — > _E' is a vector bundle morphism over the map / : M — > M'. Then (F, /) is 
said to be a Lie algebroid morphism if 

d E ((F, f)*4>') = {F,f)*{d E '(f>'), for 0' G L(A fe (r')*) and for all fc. 

Note that (F, f)*<fi' is the section of the vector bundle A k E* — > M defined by 

((F, /)*0')x(oi. • • • , o fc ) = ^(FfaO, . . . , %)), 

for x G M and ai,...,a^ G E x . If (F, f) is a Lie algebroid morphism, / is an injective 
immersion and -Fj_E x : E x — > E',,-, is injective, for all x G M, then (£7, [•, is said to be a 
Lie subalgebroid of (£7', [•, •]', //). 

2.1.1. T"/ie prolongation of a Lie algebroid over a smooth map. In this section, we will recall the 
definition of the Lie algebroid structure on the prolongation of a Lie algebroid over a smooth 
map (see |51ITfi]L 

Let (£7, [•, be a Lie algebroid of rank n over a manifold M of dimension m with vector 
bundle projection r : E — » M and / : M' -^Mbea smooth map. 
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We consider the subset & E of E x TM' and the map : CJ E — > M' defined by 

C f E = {(MO G E x TM'/p(b) = (Tf)(v')}, r f (b,v') = ttm'^'), 

where T/ : TAJ' — > TM is the tangent map to / and %m' ■ TM' — > M' is the canonical 
projection. 

Now, assume that p(E f{x , } ) + (T x , f)(T x , M') = T f ^M, for all x' £ M' . Then, r f : C f E -> M' 
is a vector bundle over M of rank n + dim M — m which admits a Lie algcbroid structure 
([')']) P ) characterized by 

l(X o /, U'), (Y o /, V')]f = (\X, Y] o /, [[/', V']), pf(X o /, U') = U', 

for all X, Y £ T(r) and U',V' /-projectable vector fields to p(X) and p(Y), respectively. 
[C'E, [•, -\f , pf) is called £/ie prolongation of the Lie algebroid E over the map / (for more 
details, see [HUH]). 

Next, we consider a particular case of the above construction. Let E be a Lie algebroid over a 
manifold M with vector bundle projection r : E — > M and C T E be the prolongation of E over 
the projection r* : E* — > M. £ T is a Lie algebroid over E* and we can define a canonical 
section As of the vector bundle (C T * E)* — > as follows. If a* £ and (6, u) £ (£ T " E) a * 
then 

(2.1) A B (a*)(M)=a*(6). 

As is called the Liouville section associated with the Lie algebroid E. 

Now, one may consider the nondegenerate section SIe — —d c e \e of A 2 (£ r E)* — > £7*. It is 
clear that <i £ £ ^_b = 0. In other words, is a symplectic section. VI e is called t/ie canonical 
symplectic section associated with the Lie algebroid E. Using the symplectic section D,e one 
may introduce a linear Poisson structure He* on E*, with linear Poisson bracket {•, given 

by 

{F, G}e* = -n E (X F ,Y G ), for F,G £ (£*), 
where Xp and Xc? are the Hamiltonian sections associated with F and G, that is, ix F ^E — 
d c ^' E F and ix G B = d CT ' E G. 

Suppose that (x 1 ) are local coordinates on an open subset U of M and that {e a } is a local basis 
of sections of the vector bundle t~ 1 (U) — > [/ such that 

Then, {e Q , e a } is a local basis of sections of the vector bundle (r T ) -1 ((t*) _1 ([/)) — > (t*) _1 (C/), 
where r T : C T E ^ E* is the vector bundle projection and 

e (a*) = (e a (r*(o*)),p^ ), e a (a*) = (0, A ). 

OX | a » Oy Q | a . 

Here, (x l ,y a ) are the local coordinates on 23* induced by the local coordinates (x l ) and the 
dual basis {e Q } of {e Q }. Moreover, we have that 

(2.2) [e a) e^r=C^e 7 , [e a , e^f= [e a , e^f= 0, p-* (g Q )= — , p T *(e a )= — , 
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and 

(2.3) X E {x\y a )=y a e a , n E (x\y a ) = e a /\e a + ^Cl pVl e a Ae 13 , 

(2 ' 4) n - = ^>^ A 4 + Pi ^ A ^' 

(for more details, see [TUIH^] '). 

2.1.2. Action Lie algebroids. In this section, we will recall the definition of the Lie algebroid 
structure of an action Lie algebroid (see |%1 

Let (E, [•, •], p) be a Lie algebroid over a manifold M and / : M' ^Mbea smooth map. Then, 
the pull-back of E over /, f*E = {(a;', a) S M' x E/f(x') = r(a)}, is a vector bundle over 
M 1 whose vector bundle projection is the restriction to f*E of the first canonical projection 
pri : M 1 x E — > M' . However, f*E is not, in general, a Lie algebroid. 

Now, suppose that W : T(t) — » X(M') is an action of E on /, that is, \P is a R-linear map which 
satisfies the following conditions 

*{hx) = {hof)^x, *[x,y] = [*A:,ttY], *x(hof) = p(x)(h)of, 

for 1,7 6 L(r) and h £ C°°(M). Then, one may introduce a Lie algebroid structure ([•, p*) 
on the vector bundle f*E —* M' which is characterized by the following conditions 

(2.5) \Xof,Yof\ 9 = \X,Y\of, ^(Io/) = $(I), for X,Y gT(t). 

The resultant Lie algebroid is denoted by E k / and we call it an action Lie algebroid. 
Next, we will apply the above construction to a particular case. First of all, we recall that there 
is a one-to-one correspondence between linear functions on a vector bundle E and sections of 
E* . In this paper, we don't distinguish between a section of E* and its associated linear function 
on E. Let (E, [•,•], p) be a Lie algebroid with vector bundle projection r : E — > M and X be 
a section of r : E — > A/. Then, we define i/ie vertical lift of X as the vector field on E given 
by X v (a) — X(r(a))a, for a <E E, where v a : £y( a ) — > T a (E T ^) is the canonical vector space 
isomorphism. In addition, there exists a unique vector field X c on _E, t/ie complete lift of X, 
which satisfies the following conditions: i) X c is r-projectable on p{X) and ii) X c (a) — C^oi, 
for all a : E — > M section of £7* (for more details, see |51 ITHTrj] ) . 

On the other hand, it is well-known (see, for instance, 0) that the tangent bundle to E, TE, 
is a vector bundle over TM with vector bundle projection the tangent map to r, TV : TE — > 
TM. Moreover, the tangent map to X, TX : TM — > T_E, is a section of the vector bundle 
Tt :TE ^ TM. We may also consider the section X : TAf -> T£; of Tt :TE ^ TM given 
by 

(2.6) X(u) = (T x 0)(u) + X(xy 0[x) , 

for it G T X M, where : M — > £ is the zero section of and q, % : E x — > To( s )(S x ) is the 

canonical isomorphism between iJ^ and T ^(E X ). 

If {e Q } is a local basis of T(r) then {Te a ,e a } is a local basis of F(Tr). 

The vector bundle TV : Ti? — > TM admits a Lie algebroid structure with anchor map p T given 
by p T = <ttm ° Tp, cttm '■ T(TM) — » T(TM) being the canonical involution of the double 
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tangent bundle. The Lie bracket [•, •] on the space T(Tt) is characterized by the following 
equalities 

(2.7) [TX,TF] T = T[X,y], [TX,Y] T = 0^Y], [X,t] T = 0, 
for X,Y £ T(r) (see [333 EHD- 

Furthermore, there exists a unique action \& : T(Tt) — > X(.E) of the Lie algebroid (TE, [•, -] T , 
p T ) over the anchor map p : E ~> TM such that $(TX) = X c and *(A) = X v , for X E F(r) 
(see Thus, the vector bundle p*(TE) is a Lie algebroid with Lie algebroid structure 

([•, ■}%,p%), which is characterized as in l|2.5|l . 

2.2. Lie affgebroids. Let ta ■ A — > M be an affine bundle with associated vector bundle 
ry :V —> Af. Denote by r j4 + : A + = Aff(A, E) — > A/ the dual bundle whose fibre over a; € M 
consists of affine functions on the fibre A x . Note that this bundle has a distinguished section 
1a 6 L(r j4 +) corresponding to the constant function 1 on A. We also consider the bidual bundle 
Tj : A — > M whose fibre at x € M is the vector space A x = (A£)*. Then, A may be identified 
with an affine subbundle of A via the inclusion %a '■ A — ► A given by iA{a){ip) = f(a), which 
is injective affine map whose associated linear map is denoted by iy : V — > A. Thus, V may 
be identified with a vector subbundle of A. Using these facts, one can prove that there is a 
one-to-one correspondence between affine functions on A and linear functions on A. On the 
other hand, there is an obvious one-to-one correspondence between affine functions on A and 
sections of A + . 

A Lie affgebroid structure on A consists of a Lie algebra structure [•, -]y on the space L(ry) of 
the sections of ry : V — > M, a R-linear action D : T(ta) X T(ry) — > T(ry) of the sections of A 
on r(ry) and an affine map pa ■ A — > TM, the anchor map, satisfying the following conditions: 

. D X {Y,Z} V = {D X Y,Z\ V + {Y,D X Z\ V , 

. D x+ yZ = D X Z+{Y,Z} V , 

. D x (fY) = fD x Y + p A (X)(f)Y, 

for X e T(t a ), Y,Z e r(ry) and / 6 C°°{M) (see gHEl)- 

If ([•, -]y, D, pa) is a Lie affgebroid structure on an affine bundle A then (V, [•, -]y , py) is a Lie 
algebroid, where pv ■ V — > TAf is the vector bundle map associated with the affine morphism 
Pa'- A TM. 

A Lie affgebroid structure on an affine bundle ta ■ A — > A/ induces a Lie algebroid structure 
([') 'Ia'^a) 011 t ne bidual bundle ^4 such that 1^ £ T(t j 4+) is a I-cocycle in the corresponding 
Lie algebroid cohomology, that is, o] a 1a = 0. Indeed, if Xq £ T(ta) then for every section X of 
A there exists a function / £ C°°{M) and a section X £ T(ry) such that X = /Ao + A and 

Pl (fX +X) = fp A (X )+p v (X), 

(2.8) lfX + X,gX + Y] A = ( Pv (X)(g) - Pv (Y)(f) + fp A (X )(g) 

-gp A (X Q )(f))X + [A, Yj v + fD Xo Y - gD Xo X. 

Conversely, let (U, [•, •][/, pu) be a Lie algebroid over M and <j> : U — » M be a 1-cocycle of 
(/7, [•, -It/jPa) such that 7^ 0, for all x G A/. Then, A = (j)^ 1 ^} is an affine bundle over 
M which admits a Lie affgebroid structure in such a way that (U, [•, -\u,Pu) mav be identified 
with the bidual Lie algebroid (^4, [•, -]2[,/?7) to A and, under this identification, the 1-cocycle 
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+ K is just <j). The affine bundle ta '■ A — » M is modelled on the vector bundle 
< t )1 {0} M. In fact, if iy : V — ► f/ and 1,4 : A — > {/ are the canonical inclusions, 

i v °lX,Yj v = [ivoX,i v oY}u, i v oD x Y = [i A o X,i v oYju, 
Pa(X) = pu(i A °X), 

for X, Y G T(t v ) and X G T(t a ). 

A trivial example of a Lie affgebroid may be constructed as follows. Let r : M — > R be a fibration 
and T1.0 : J 11 ?" — » M be the 1-jet bundle of local sections of r : M — > M. It is well known that 
rijO : J 1 t — * M is an affine bundle modelled on the vector bundle 7r = (ttm)\Vt '■ V T ~ * ^> 
where Vr is the vertical bundle of r : M — > M. Moreover, if i is the usual coordinate on R and 
?7 is the closed 1-form on M given by 77 = r* (dt) then we have the following identification 

J x t ~{»e TM/r)(v) = 1} 

(see, for instance, [20]). Note that Vr = {v G TM/r)(v) = 0}. Thus, the bidual bundle J x r to 
the affine bundle ri,o : J 11 ?" — » M may be identified with the tangent bundle TM to M and, 
under this identification, the Lie algebroid structure on : TM — > M is the standard Lie 
algebroid structure and the 1-cocycle l,/i T on 7Tm : TM — > M is just the 1-form 77. 
Let r^ : A — > M be a Lie affgebroid modelled on the Lie algebroid Ty : V" — ► M. Suppose 
that (x 1 ) are local coordinates on an open subset t7 of M and that {eo, e a } is a local basis of 
sections of t a : A — > M in {7 which is adapted to the 1-cocycle 1^, i.e., such that 1a{zq) = 1 and 
L4.(e a ) = 0, for all a. Note that if {e°,e a } is the dual basis of {eo,e Q } then e° = 1 A . Denote 
by (x l , y°, y a ) the corresponding local coordinates on A. Then, the local equation defining the 
affine subbundle A (respectively, the vector subbundle V) of A is y° — 1 (respectively, y° — 0). 
Thus, (x l ,y a ) may be considered as local coordinates on A and V. 

Now, let t a : A — > M (respectively, r A ' ■ A' — » M') be an affine bundle with associated vector 
bundle Ty : V — > M (respectively, ry : V M') and F : A — > A' be an affine bundle 
morphism over the map / : M — » M' with associated morphism (F , f) between the vector 
bundles ry : V -> M and iy> : V -> A/'. 

Then, a direct computation proves that the map F : A — -> A' given by 

F(a)(ip') = a(<p' of), for a G Ar and G (^')/(a:)> witn x e M ' 

defines a morphism between the vector bundles A and A' over / and, moreover, (F, f)*l A i = 1 A . 
Conversely, suppose that tjj : U — > M and ru> '■ U' — > M' are vector bundles and that and 
0' are sections of the vector bundles Ty : U* — > M and r^, : ({/')* — * M' such that </>(x) ^ 0, 
for all x G M, and <f>'(x') 7^ 0, for all x' G M 1 . Assume also that the pair (F, f) is a morphism 
between the vector bundles tjj : U — > M and ry : f ' — > M' such that (i* 1 , /)*</>' = and denote 
by A and V (respectively, A' and V') the subsets of U (respectively, U 1 ) defined by A = </> _1 {l} 
and V = ^{Q} (respectively, A' = (0')" 1 ! 1 } and V = (0') _1 {°})- Tnen ; ^ is eas y to P rove 
that F (A) C A' and f(V) C V'. Thus, the pair (F, /) is a morphism between the affine bundles 
t a = (tu)\a '■ A — »■ M and ta> = (tu')\A' '■ A' — * M', where F : A — > A' is the restriction of 
_F to A. The corresponding morphism between the vector bundles Ty — (ryW : V — » M and 
ry, = (tc//)|v : V -> M' is the pair (f J , /), F 1 : V -> V being the restriction of F to V. 



U : A - 
t v :V = 
then 

(2.9) 
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Now, suppose that (t a : A -> M, t v : V -> M, ([•, -Jy, D, pa)) and (ta' : A' -> M', t v , : V -> 
M', ([•, •\v',D', pa')) are two Lie affgebroids and that ((F, /), (F l , /)) is a morphism between 
the affine bundles (t a : A -> M, t v : V -> M) and (ta/ : A' -> M', ry : V -> M'). Then, the 
pair ((F, /), (f /)) is said to be a Lie affgebroid morphism if: 

(i) The pair (F,f) is a morphism between the Lie algebroids (V, [•, -]y, py) and (V, [•, -Jy, 

PV')> 

(m) Tf o pa ^ pa' ° F and 

(Hi) If X (respectively, X') is a section of ta : A — ► M (respectively, ta' : A' — > AT') and 
? (respectively, Y 7 ) is a section of ry : V — > M (respectively, Ty : V — » M') such that 
I'o/ = f ol and Y' o f — F l oY then F z o D X F = (L^F') o /. 

Now, using 1)2. 8[l . one may deduce the following result. 

Proposition 2.1. Suppose that (t a : A -> M,ry : V -> M) and (ta' : A' -> M',ry< : V' -> 
M') are Lie affgebroids. If ((F, f), (F l , /)) is a Lie affgebroid morphism and F : A — > A' is the 
corresponding morphism between the bidual vector bundles A and A', then the pair (F, f) is a 
morphism between the Lie algebroids A and A' . 

Finally, using 1)2.9(1 . one may prove 

Proposition 2.2. Suppose that iy : U — > M and Tjj' '■ V — > Af are Lie algebroids and that 
4> E r(r^) and 0' £ r(r^/) are 1-cocycles of ly : U — * M and Tu> '■ V — ► A/', respectively, 
such that <j)(x) ^ 0, /or a/Z x E Af, and <j)'(x') ^ ; /or aZZ x' G A/'. Then, if the pair (F,f) 
is a Lie algebroid morphism between the Lie algebroids tjj : U —> M and tjji : U' — > M' 
satisfying (F,f)*cf>' — (j>, we have that the corresponding morphism ((F, f) , (F l , /)) between the 
Lie affgebroids (t a = [tu)\a ■ A = -> M, t v = {t v )\ v : V = ^{O} -» M ) and 

(t A ' = M\a> ■ A' = (ft)- 1 ^} - M', tv = (t[j) 1v , : V = (^J-HO} - Af'j iS a Lze 
affgebroid morphism. 



3. HAMILTONIAN AND LAGRANGIAN FORMALISM ON LlE AFFGEBROIDS 

3.1. The Hamiltonian formalism. In this section, we will develop a geometric framework, 
which allows to write the Hamilton equations associated with a Hamiltonian section on a Lie 
affgebroid (see Jl]). 

Suppose that (ta : A — > M, Ty : V — > Af, ([•, -]y , D, pa)) is a Lie affgebroid. Now, let 
(£ rv A, [•, p~ v ) be the prolongation of the bidual Lie algebroid (A, [•, pj) over the 
fibration Ty : V* ^ M. 

Let (x z ) be local coordinates on an open subset U of M and {eo, e a } be a local basis of sections 
of the vector bundle T ^ 1 (t^) — * U adapted to 1a and 

■ d d 
[e , ej^ = C^e 7 , [e Q , e^]^ = C2 /3 e 7 , p A {e ) = p* — , p A {e a ) = Pag-- 

Denote by (x l ,y°,y a ) the corresponding local coordinates on A and by (x l ,yo,y a ) the dual 
coordinates on the dual vector bundle Ta+ '■ A + — > A/ to A. Then, (x l , y a ) are local coordinates 
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on V* and {eo, e a , e a } is a local basis of sections of the vector bundle r~ v : C T v A — » V* , where 

d d d 

eo(ip) = (e (T^{iP)),pi--r ), e a {i)) = {e a {T^{tp))J a — ), e a (^) = (0, — ). 

ox \tp ox \tp oy a ^ 

Using this local basis one may introduce local coordinates (x l ,y a ;z°, z a ,v a ) on C v A. 
Let /i : A + — » V* be the canonical projection given by n((p) = f l , for <p G A+, with x G M, 
where ip l G V^.* is the linear map associated with the affine map (p and h : V* — > A + be a 
Hamiltonian section of /i. 

Now, we consider the Lie algebroid prolongation C t a+ A of the Lie algebroid A over T4+ : 
A + — > M with vector bundle projection i"-" 44 " : £ T ^+A — » A + (see Section fe.l.ll) . Then, we 
may introduce the map Ch : C Tv A —> C t a+ A defined by Ch{a,X a ) = (a, (T a h)(X a )), for 
(a,X a ) G (C Tv A) a , with a G V*. It is easy to prove that the pair (Ch,h) is a Lie algebroid 
morphism between the Lie algebroids r~ v : C Tv A — > V* and : £ Ta+ ^1 — > A + . 
Next, denote by Xh and the sections of the vector bundles {C T v A)* — ► V"* and K 2 {C T v A)* — > 
V* given by 



(3.1) A/j = (£/i, /i)*(A j j), n h = 

where A^ and fl^ are the Liouville section and the canonical symplectic section, respectively, 

associated with the Lie algebroid A. Note that = — d c vA Xh- 

On the other hand, let 77 : C T vA -> E be the section of (£^1)* -► V* defined by 

(3.2) r,(a,X a ) =1^(5), 

for (a, X a ) G (C Tv A) a , with a G V*. Note that if pr± : C7 V A — > A is the canonical projection 
on the first factor then (pri,Ty) is a morphism between the Lie algebroids : C Tv A — > V* 
and tjj : A — ► M and (pri, Ty)*(l^i) = 77. Thus, since lyi is a 1-cocycle of : A — > M, we 
deduce that 77 is a 1-cocycle of the Lie algebroid t~ v : C Tv A — > U* . 

Suppose that h{x l ,y a ) — (x l , — H(x 3 , yp), y a ) and that {e°,e a ,e a } is the dual basis of {eo,e a , 
e a }. Then 7/ = e° and, from 12.3(1 . 1(3.1(1 and the definition of the map Ch, it follows that 

1 r) J-f r)J-f 

(3.3) Q h = P A e 7 + -C> a e 7 A + (^ — - C > Q )e 7 A e° + — e 7 A e°. 

Thus, it is easy to prove that the pair (^,77) is a cosymplectic structure on the Lie algebroid 
T T y :C T ^A~>V*, that is, 

A 

{r]An h A..S n ---An h }{a)^0, for all a G V* , 

Remark 3.1. Let C Tv V be the prolongation of the Lie algebroid V over the projection t v : 
V* — > M. Denote by Ay and ily the Liouville section and the canonical symplectic section, 
respectively, of V and by (iv,Id) : C Tv V — > £ Tl/ A the canonical inclusion. Then, using 1(2. 1|) . 
((3.1(1 , 1(3.2(1 and the fact that [i o h = Id, we obtain that 

(3.4) {i v ,Id)*(X h ) = X v , {i v , Id)* {r))=0. 
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Thus, since (iy, Id) is a Lie algebroid morphism, we also deduce that 

(3.5) (i v ,Id)*(Q h )=flv 



Now, let Rh 6 r(r~ v ) be the Reeb section of the cosymplectic structure (Clht V) characterized 
by the following conditions 

(3.6) in h tth = and i Rh r) = 1. 

With respect to the basis {eo, e Q , e a } of r(r~ v ), Rh is locally expressed as follows: 

,_ _ dH _ <9if i dH y 

(3.7) ii h = e + ^-e Q - {C^ Vl — + p a ^— - C ' Q y 7 )e Q . 

Thus, the vector field p ~ v (-R&,) is locally given by 

(3.8, , ? (*) = w + _,.,_ + (-,:,_ + „ (ca , + Q.^))^ 

and the integral curves of i?^ (i.e., the integral curves of p-y (Rh)) are just t/ie solutions of the 
Hamilton equations for h, 

(3 ' 9) !t = *> + d£*» -W = ~^ + y ^ + cr ^ 

for i 6 {1, . . . , m} and a G {1, . . . , n}. 

Next, we will present an alternative approach in order to obtain the Hamilton equations. For 
this purpose, we will use the notion of an aff-Poisson structure on an AV-bundle which was 
introduced in 0] (see also 

Let tz : Z — > M be an affine bundle of rank 1 modelled on the trivial vector bundle tmxr : 
M xl-> M, that is, tz : Z — > M is an AV-bundle in the terminology of jHj- 
Then, we have an action of M on the fibers of Z. This action induces a vector field Xz on Z 
which is vertical respect to the projection tz : Z — > M. 

On the other hand, there exists a one-to-one correspondence between the space of sections of 
tz : Z — > M, F(r^), and the set 

{F h e C°°(Z)/X z (F fe ) = -1}. 

d 

In fact, if /i g L(r^) and (x\ s) are local fibred coordinates on Z such that Xz = -q- then h 

may be considered as a local function if on M, x % — > H(x l ), and the function on Z is locally 
given by 

(3.10) F /l (:r i ,s) = - J ff(^)-s 1 

(for more details, see 

Now, an aff-Poisson structure on the affine bundle : Z — > M is a bi-affine map 

{ v }:r(r z )xr(r^r(M) 

which satisfies the following properties: 

i) Skew-symmetric: {/ii, I12} = — {h,2, hi}. 
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ii) Jacobi identity: 

{hi, {h 2 , h 3 }} 2 v + {h 2 , {h 3 , hx}} 2 v + {h 3 , {hxM)}v = 0, 

where {•, -}y is the afhne-linear part of the bi-affine bracket. 

iii) If h G T(tz) then 

{h,-}:T{Tz)^C°°(M), h'^{h,h'}, 
is an affine derivation. 

Condition iii) implies that the linear part {h, -}y : C°°(Af) — > C°°(M) of the affine map 
{h, ■} : T(rz) — » C°°(M) defines a vector field on M, which is called the Hamiltonian vector 
field of h (see [5]). 

In the authors proved that there is a one-to-one correspondence between aff-Poisson brackets 
{•,•} on Tz '• Z — > M and Poisson brackets {•, -}ri on Z which are X^-invariant, i.e., which 
are associated with Poisson 2-vectors II on Z such that £x z II = 0. This correspondence is 
determined by 

{h,ti}oT Z = {F h ,F h ,} u , for h, ti G T(t z ). 

Note that the function {Fh, Fh>}u ° n Z is r^-projectable, i.e., Cx z {Fh, i*fc'}n = (because the 
Poisson 2-vector II is X^-invariant). 

Using this correspondence we will prove the following result. 

Theorem 3.2. Let ta '■ A — ► M be a Lie affgebroid modelled on the vector bundle -ry : V — > M . 
Denote by T4+ : A + — > M (resp., t v : V* -^M) the dual vector bundle to A (resp., to V) and 
by fi : A + — > V* the canonical projection. Then: 

i) /i : A + — > V* is an AV-bundle which admits an aff-Poisson structure. 

ii) If h : V* — > A + is a Hamiltonian section (that is, h G T(/^)J iften ifte Hamiltonian 
vector field of h with respect to the aff-Poisson structure is a vector field on V* whose 
integral curves are just the solutions of the Hamilton equations for h. 

Proof, i) It is clear that fj, : A + — > V* is an AV-bundlc. In fact, if a + G A+, with a; G M, and 
t e M then 

a+ + t = a+ + tl A (x). 

Thus, the /z-vertical vector field on A + is just the vertical lift l\ of the section 1a G T(tx+ )• 
Moreover, one may consider the Lie algebroid : A = (yl + )* — » M and the corresponding 
linear Poisson 2-vector 11^+ on A + . Then, using the fact that 1a is a 1-cocycle of : A = 
(^4+)* — > M, it follows that the Poisson 2-vector 1T4+ is Xa+ -invariant. Therefore, 11^+ induces 
an aff-Poisson structure {•, •} on /1 : A + — > V* which is characterized by the condition 

(3.11) {h,ti}ofx = {F h ,F h >}n A+ , for h,h'eT(jj.). 

One may also prove this first part of the theorem using the relation between special Lie affgebroid 
structures on an affine bundle A' and aff-Poisson structures on the AV-bundle AV((A')' t ) (see 
Theorem 23 in 5 ). 

ii) From fl3~TU|) and (|3~TT1) . we deduce that the linear map {h,-} v ■ C°°(F*) C*°°(T/*) 
associated with the affine map {h, •} : T(/i) — > C°°(V*) (that is, the Hamiltonian vector field of 
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h) is given by 

(3.12) {h t -}v(<p)°li = {Fh,<poii}u A+ , for ^eC°°(V*). 
Now, suppose that the local expression of h is 

(3.13) h(x\y a ) = {x\-H{x\y p ),y a ). 
On the other hand, using Q2 .4| . we have that 

(3-14) U A+ = -C^ — A — + CZ a y 7 - A _ + A _ + A _ A _. 

Thus, from l|3.12|l . (|3.13(l and (|3.14() . we conclude that the Hamiltonian vector field of h is 
locally given by 

, * OH ■ d i dH dH d 

+ + ( -'° w + M + ^ )} %; 

which proves our result (see (|3. 8(1 ). □ 

3.2. The Lagrangian formalism. In this section, we will develop a geometric framework, 
which allows to write the Euler-Lagrange equations associated with a Lagrangian function L 
on a Lie affgebroid A in an intrinsic way (see |16j). 

Suppose that (ta : A M,tv : V — > M, ([•, -]\/, -D, p^)) is a Lie affgebroid on M. Then, the 
bidual bundle tjj : A — > M to A admits a Lie algebroid structure ([•, in such a way 

that the section 1a of the dual bundle A + is a 1-cocycle. 

Now, we consider the Lie algebroid prolongation (C TA A, [•, •] ~ A , P~ A ) of the Lie algebroid 
(A, [•, -]^, p^) over the fibration ta ■ A — > A/ with vector bundle projection t~ a : £ TA A — » A. 
If (x l ) are local coordinates on an open subset U of M and {eo,e a } is a local basis of sections 
of the vector bundle (U) — > 17 adapted to 1a, then {T ,T a , V a } is a local basis of sections 
of the vector bundle (t~ a ) _1 (t.^ (J7)) — > r^ 1 ([/), where 

(3.15) f (a) = ( eo (r A ( a )),^ — |a ), T a (a) = (e a (r A (a)), P^^), V a (a) = (0, — ), 

y a ) are the local coordinates on A induced by the local coordinates (x l ) and the basis {e a } 
and Pq, p l a are the components of the anchor map p-r. Therefore, we have that 

[f , t a Y£ = Cj Q f 7 , lf ai f f£ = C^f 7 , 

(3 . 16) [f , v a f£ = [f a , v P Y A A = IVa, %Y£ = o, 
P r £(To) = Ph-^, P T £{f a )=^, p %<y a ) = JL, 

where Cj^ and C 7 ^ are the structure functions of the Lie bracket [•, with respect to the 
basis {e ,e Q }. Note that, if {f°,f a ,V a } is the dual basis of {f Q ,f a ,V a }, then f° is globally 
defined and it is a 1-cocycle. We will denote by tfio the 1-cocycle T . Thus, we have that 

(3.17) 0o(o)(6,X o ) = l A (b), for (6,X a ) G {C TA A) a . 
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One may also consider the vertical endomorphism S : C TA A — > C TA A, as a section of the vector 
bundle L TA A ® (£ TA A)* — > A, whose local expression is (see |16| ) 

(3.18) 5 = (f a -y a f°) ® f Q . 

Now, a curve 7 : I C R — > A in A is said to be admissible if o 07 = (r^ o 7) or,equivalently, 
(«A(7(i))i 7(0) e (£ TA A)-y(t), for all t G / , %a '■ A — ► yl being the canonical inclusion. Thus, if 
7(f) = (a: l (t), y a (t)), for all t £ I, then 7 is an admissible curve if and only if 

dx* 

=Po + P l a y a , for * e {l,...,m}. 

A section £ of t~ a : Z^ 1 "- 4 A — > A is said to be a second order differential equation (SODE) on A 
if the integral curves of £, that is, the integral curves of the vector field p -*(£), are admissible. 
If £ € r(T~ A ) is a SODE then £ = f + y"f Q + £ a V a , where £ Q are arbitrary local functions on 
A, and 

P~ A (0 = (p t o + «)^ I +r^. 

On the other hand, let L : A — * R be a Lagrangian function. Then, we introduce the Poincare- 
Cartan 1-section Oj, £ r((T~ A )*) and i/ie Poincare-Cartan 2-section Ql £ F(A 2 (t~ a )*) asso- 
ciated with L defined by 

(3.19) e L =Lc/)o + (d CTAA L)oS, n L = -d CTAA Q L . 
From ifXTHf . (Qg^ and l|3~T5|) . we obtain that 

Ol = (L-y Q |^)f° + |^f a , 
V y dy a ' dy a 

(3.20) n £ = fe(^^(^))-^(^ + a/)-^§)^Afo 

where 9 a =f a - y a f°, if; a = V a - £gf° and £ = f + ?y a T Q + is an arbitrary SODE. 
Now, a curve 7 : / = (— e, e) C t ^ i in 4 is a solution of the Euler- Lagrange equations 
associated with L if and only if 7 is admissible and i(i A (i(t))Mt))&L{'lf{t)) — 0, for all t. 
If 7(t) = (x 1, (t) , y a (t)) then 7 is a solution of the Euler-Lagrange equations if and only if 

for i £ {1, . . . , m} and a £ {1, . . . , n.}. 

<9 2 L 

The Lagrangian L is regular if and only if the matrix (W aj g) = a g /? ) ^ s re g u l ar or > m other 
words, the pair (fii,0o ) is a cosymplectic structure on £ TA A. 

If the Lagrangian Z, is regular, then the Reeb section Rl of (fix,, </>o) is the unique Lagrangian 
SODE associated with L, that is, the integral curves of the vector field p t £(Rl) are solutions of 
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the Euler-Lagrange equations associated with L. In such a case, Rl is called the Euler- Lagrange 
section associated with L and its local expression is 

BT B 2 T BT 

(3.22) R L = T + y-f a + W^^g- - (p + y'p^g^ + + V^)^)^, 

where (W a ") is the inverse matrix of (W aj g). 

3.3. The Legendre transformation and the equivalence between the Lagrangian and 
Hamiltonian formalisms. Let L : A — > M. be a Lagrangian function and 0l G r((r~*)*) be 
the Poincare-Cartan 1-section associated with L. We introduce the extended Legendre transfor- 
mation associated with L as the smooth map LegL '■ A —> A + defined by LegL(a)(b) = Qi,(a)(z), 
for a, b G A x , where z is a point in the fibre of C TA A over the point a such that pri(z) = iA{b), 
pri : C TA A — > A being the restriction to C TA A of the first canonical projection pr\ : A x TA — ► A. 
The map Legi, is well-defined and its local expression in fibred coordinates on A and A + is 

BT BT 

(3-23) Leg L {x\y<*) = {x\L-—y^—). 

Thus, we can define the Legendre transformation associated with L, legL : A — > V*, by legv. = 
p o LegL- From ((3.23(1 and since p{x l , yo, y a ) = {x r , y a ), we have that 

(3-24) i egL ( x i iy <x) = {x i ! _ ) . 

The maps LegL and ^egi induce the maps CLegL ■ C TA A — > £ r ^+ A and ClegL ■ C TA A — > £ T v^4 
defined by 

(3.25) (£Le ffL )(6,X a ) = (6, (T a Le«? L )(X a )), {Cleg L )(b, X a ) = (6, (TJeg L )(X a )), 

for a G A and (6, X ) £ {C TA A) a . 

Now, let {T ,T Q , V^} (respectively, {eo, e a , eo, e Q }) be a local basis of r(r~*) as in Section l3~2*l 
(respectively, of r(r~ A+ ) as in Section 15.1.1(1 and denote by (x l , y a ; z°, z a , v a ) (respectively, 
(x l , yo, y a ; z°, z a , vq, v a j) the corresponding local coordinates on C TA A (respectively, C t a+ A). 
In addition, suppose that (x l ,y a ; z° , z a ,v a ) are local coordinates on C Tv " A as in Section l3~Tl 
Then, using 13.23(1 , ((3.24(1 and 1(3.25(1 , we deduce that the local expression of the maps CLegL 
and ClegL is 

Fit Fit fit Fi 2 t 

CLeg L {x\y a ;z G ,z a ,v a )^{x\L- ^—y a y ^— ;z ,z a ,z pU^— - " y a ) 
y y iy ' ' ' ' y ' By° y 8y a Hoy 8x l dx*dy aii ' 

C3 26) | -a n i i dL Q2L ,fi\ ,,a d 2 £ g j d 2 L 



Bx l dx i dy' 3y ' dy a dyP y ' H0 8x l 8y c 
: , d 2 L a d 2 L 
+Z Pl3 dx l dy a +V dy^dyP' 1 



(3.27) 



Fit b 2 t b 2 t 

Cleg L (x\y a ;z°,z",v°) = —■, z\ z« , z» p,—- + z? p* p 



. v 



By"' ' ' ™8x*8y a rp : Bx l 8y a 
8 2 L , 



dy a dyP r 

Thus, using 1(2.3(1 . ((3.20(1 . 1(3.25(1 and ((3.26(1 . we can prove the following result. 
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Theorem 3.3. The pair (CLegL, LegL) is a morphism between the Lie algebroids (C TA A, 
I") *] 7*1 an d {C Ta+ A, [■, ']^ 4+ jP^ 4+ )- Moreover, if Ql and Ql (respectively, \j and Q^) 
are the Poincare-Cartan 1-section and 2-section associated with L (respectively, the Liouville 
1-section and the canonical symplectic section associated with A) then 

(3.28) (CLeg L , Leg L )*{\ A ) = 6 L , (CLeg L , Leg L )* (fl A ) = (1 L . 
From (|3~2l| . it follows 

Proposition 3.4. The Lagrangian L is regular if and only if the Legendre transformation 
legL ■ A — * V* is a local diffeomorphism. 

Next, we will assume that L is hyperregular, that is, legL is a global diffeomorphism. Then, from 
(|3.25l) and Theorem l3.3l we conclude that the pair (ClegL, legif) is a Lie algebroid isomorphism. 
Moreover, we can consider the Hamiltonian section h^ : V* — > A + defined by 

(3.29) hi, = Legi, o legj^ 1 , 

the corresponding cosymplectic structure (fi/^,77) on the Lie algebroid t~ v : C Tv A — > V* and 
the Hamiltonian section Rh L € r(T~ v ). 

Using (23J, i|3~2Tjl . (JS2EI, dUSt and Theorem ED we deduce that 

Theorem 3.5. If the Lagrangian L is hyperregular then the Euler- Lagrange section Rl asso- 
ciated with L and the Hamiltonian section Rh L associated with h^ satisfy the following relation 

(3.30) R hL o leg L = Cleg L ° Rl- 

Moreover, if 7 : / — > A is a solution of the Euler- Lagrange equations associated with L, then 
legL 7 ■ I — * V* is a solution of the Hamilton equations associated with Hl and, conversely, 
if 7 : 1 — ► V* is a solution of the Hamilton equations for Kl then 7 = leg^ 1 o 7 is a solution of 
the Euler- Lagrange equations for L. 

Now, we will analyze the local expression of the transformation leg^ 1 : V* — > A. Suppose that 

(3.31) legl\x\y a ) = {x\y a {xi,yp)) 

and Hl(x 1 ,y a ) = (x l , — Hl(x j , yp), y a ). Then, from l|3.23|l and (|3.29|l . it follows that 
H L (x\y a ) = y a (x j ,y p )y a - L(x l ,y a (x 3 , Vf} )). 

Thus, we obtain that 

dHL =a + dyP_ dL dy? 
dy a V dy a Vf) dyP dy a 
dH 

and, using (|3.24|) and l|3.31|l . we deduce that — — = y a . Therefore, we conclude that 

oy a 

(3.32) legZ 1 (x i ,y a ) = (a*,-^). 

oya 

2 Hl 

Note that, since leqV 1 : V* — > A is a diffeomorphism, it follows that the matrix (— — - — ) is 
L y dy a dy p > 

regular. 
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Next, we will introduce the notion of a hyperregular Hamiltonian section and we will prove that 
given a hyperregular Hamiltonian section h : V* — > A + then one may construct a hyperregular 
Lagrangian function L : A — > R and — h. 

Let h : V* — ► A + be a Hamiltonian section. If 1Z is an arbitrary section of A, we may consider 
the real C°° -function H n : V* -> R on V"* given by 

(3.33) H n (a) = h(a){K{T V ,{ajj), for a 6 V*. 
Using the function H-ji we may define the map (Ffijn : V* — > V as follows 

aeVj, with sc £ M => (F/i) w (a) G 14 

and 

(3.34) /3((F/i)7j(a)) = ^ Hn(a + t[3), for /3 e F x *. 

at |t=o 

Now, we introduce the map Fh : V* — > A given by 

(3.35) (F/i)(a) = ^(r y , (a)) + (Ffc)w(a). 
If the local expressions of h and 7?. are 

h{x\y a ) = (x^-HiaP^ya), Htf) = (x\K a (x 1 )), 
then, from 13.33|l . (|3.34|l and l|3.35ll . we obtain that 

(3.36) H n (x\ y a ) = -H(x\ y a ) + H a tf)y a , 



f) M 

(3.37) (Fh) n (x\y a ) = (x u - — (x\ y ) + K a (x 1 )), 

dy a 

B H 

(3.38) (Fh)(x i ,y a ) = (x i ,— ). 

oy a 

Thus, the map Fh doesn't depend on the chosen section TZ. 

The Hamiltonian section h is said to be regular if the map Fh : V* — > A is a local diffcor- 

<9 2 iJ 

morphism or equivalently if the matrix (— — - — ) is regular, h is said to be hyperregular if 

^dy a dy J 

Fh : V* — > v4 is a global diffeomorphism. 

It is clear that if L : A — > R is a hyperregular Lagrangian function and Hl '■ V* — > A + is the 
Hamiltonian section associated with L then /i£ is hyperregular. In fact, from H3.32JI and (j3.38(l . 
it follows that Fh^ is a diffeomorphism and F/jl = leg^ 1 . 
Now, we will prove that the converse is also true. 

Theorem 3.6. If h : V* — > A + is a hyperregular Hamiltonian section then there exists a 
hyperregular Lagrangian function L : A — > R such that the Hamiltonian section associated with 
L is just h. In other words, ht = h. 
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Proof. We define the Lagrangian function L : A — > M by 

L(a) = (Fh)-\a)(a - K(T A (a))) + H n ((¥h)- 1 (a)), for aeA 

The function L doesn't depend on the chosen section 1Z. In fact, if (F/i)~ 1 (a; J , y a ) — (x l , y a {x^ y@)) 
then, using 1|3.36JI and l|3.H8[l . we have that 

(3.39) L(x\ y a ) = y a y a (x\yf ) ) - H(x\y a (x^/ 3 )). 

Therefore, we deduce that 

9L _ s dyp dH dyp 
dy a Va V dy a dy p dy a 

and using that — — = y@ (see II3.38II 1. it follows that 

dL 

(3-40) Wa =y a . 

This implies that (see (pOIjl 'l leg L = (Fh)- 1 and consequently, from (pH^ . KHty . (|3~IH| and 

since — LegL ° 'e<?£ > we conclude that = h. □ 

4. The canonical involution associated with a Lie affgebroid 

Let (ta ■ A M, Ty : V — > M) be a Lie affgebroid. Denote by pv ■ V — + TM the anchor 
map of the Lie algebroid ry : V — > M, by ([■, •] 7, pi) the Lie algebroid structure on the bidual 
bundle : A — > M to A and by 1^ : A — > M the distinguished 1-cocycle on A. 
We consider the subset J A A of the product manifold A x TA defined by 

J A A = {(a,v) e Ax TA/ PA {a) = (Tr A )(v)}. 

Next, we will see that J A A admits two Lie affgebroid structures. We will also see that these Lie 
affgebroid structures are isomorphic under the so-called canonical involution associated with A. 
i) The first structure: 

Let (C TA A, [•, •]"-* , p- 4 ) be the prolongation of the Lie algebroid (A, [•, -]^, pj) over the fibration 
ta ■ A — > M and <^>o : C TA A — ► M. be the 1-cocycle of the Lie algebroid cohomology complex of 
(£ TA 1, [-, ■] ~ A , P~ A ) § iven b y Usin S fl 3 " 1 ^ and the fact that CU)^ ^ °> for a11 x e M > 

we deduce that {.4>o)\(c t aa) ^ 0) f° r a U a 6 A- 
Moreover, we have that 

(4.1) W-or 1 !!} = {(a, v) (z Ax TA/p A (a) = (Tr 4 )(i;), l A (a) = 1} = J A A 

In addition, if C TA V is the prolongation of the Lie algebroid (V, [•, -]y,py) over the fibration 
ta ■ A — > M then, it is easy to prove that 

(4.2) foo) _1 {0} = JC TA V. 

We will denote by ([■, •Jy'Spy 4 ) the Lie algebroid structure on t v a : C TA V — > A. 

From (|4.1I) . we conclude that J A is an affine bundle over A with affine bundle projection 

t\ a : J A A -» A defined by 
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and, moreover, the affine bundle t t a : J A A — > A admits a Lie affgebroid structure in such 
a way that the bidual Lie algebroid to t a a : J A A -> A is just (C TA A, [•, ■}Y,Pjt)- Finally, 
using l|4.2|l . it follows that the Lie affgebroid t t a a : J A A — > A is modelled on the Lie algebroid 
(£ TA V,l;-l T v A ,P T v A )- 

Remark 4.1. Let C t a A be the prolongation of the Lie algebroid (A, [■, ■] t, p A ) over the fibra- 
tion t a : A -> M. Denote by (Id, K4) : Z7 A A -> £ r il the inclusion defined by 

(Id,Ti A )(d,v b ) = (a,(T b i A )(vb)), 

for (a, Wf,) G (£ TA A){,, with b e A. Then, it is easy to prove that the pair ((Id, Ti A ), %a) is a Lie 
algebroid morphism. Thus, (C TA A, [•, -J- 4 , p~ A ) is a Lie subalgebroid of (£ T ^A, [•, •] p- 1 ). 

m) T/ie second structure: 

As we know, the tangent bundle to A, TA, is a Lie algebroid over TM with vector bundle 
projection Tt a : TA -> TM. 

Now, we consider the subset do(lA)° of TA given by 

(4.3) d Q (l A )° TJ4/do(lA)(«) = 0} = {v G TA/5(U) = 0}. 

do(lA) is the total space of a vector subbundle of Tr^ : TA — ► TM. More precisely, suppose 

that and denote by TX : TM -> TA the tangent map to X and by X : TM -> TA 

the section of Tt a : TA — ► TM defined by (|2.6|1 . Then, using l|4.3|l . we deduce the following 

facts: 

i) If U(X) = c, with c G E, we have that TX(TM) C d (U)° and, thus, Tl : TM -> 

do(lA) is a section of the vector bundle (TVjWn^o : d (l A )° — > TM. 
ii) If 1 A (X) = it follows that X(TM) C d (l A )° and, therefore, X : TM -> d (U)° is 
a section of the vector bundle (TT^)|d (i A )o : do(lA) — * TM. 
In fact, if {eo, e a } is a local basis of T(t a ) adapted to 1a, then {Teo, Te Q , e Q } is a local basis of 
T((Tt^)u /i a \o). Consequently, the canonical inclusion i : do(l A )° — » TA is a monomorphism 
(over the identity of TM) between the vector bundles (rr^)i do ( lA )o : (2o(1a) — > TA/ and 
Tr^ : TA -v TM. Moreover, using lt2~7jl and the fact that : A -» R is a 1-cocycle of the 
Lie algebroid (A, [•, -J A , p A ), we deduce that the Lie bracket [-, ■] ~ on r(Tr^) restricts to a Lie 
bracket on the space T((TT A )\ do ( lA y>). Therefore, we have proved the following result. 

Proposition 4.2. The vector bundle (T , 'rj)|d (i A )° : <io(lA)° — * TM is a Lie algebroid and 
the canonical inclusion i : cZo(Ia) - * TA is a monomorphism between the Lie algebroids 
(Tt A )\ M1a) o : d Q (l A )° -» TM and Tr~ A : TA -» TM. Ttes, (Tr I ) Mo(u) o : d (U) -> TM zs 
a Lie subalgebroid of Tt a : TA — > TM. 

Next, we consider the pull-back of the vector bundle (Tr^)| do ( lA )o : do(lyi) - * T 1 -^ over the 
anchor map : A — > TM, that is, 

p* A (d (l A )°) = {(a,v) G A x d (l A ) /p A (a) = (Tt a ) [M1a) o(v)}. 

P A (do(l A ) ) is a vector bundle over A with vector bundle projection 

prx : p A (d (l A ) ) -> A, (a,v) a. 
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On the other hand, we will denote by (iA,i) ■ P a {^oO-a) ) — * P* A {TA) the monomorphism 
(over the canonical inclusion i A ■ A — > A) between the vector bundles p a (cIo(1a) ) —> A and 
p\{TA) -> A defined by 

(iA,i)(a,v) = (iA(a),v), for (a, v) € p A (da{l A ) )- 

We recall that the vector bundle p*~(TA) — ► v4 is an action Lie algebroid (see Section r2.1.2|) . 
Furthermore, we have 

Proposition 4.3. i) The vector bundle p* A (df)(\ a) ) —> A is a Lie algebroid over A and the pair 
{{iA,i),iA) is a monomorphism between the Lie algebroids p* A (do(lA)°) ~* A and p*^(TA) — > A. 

ii) Lf ir A : TA — > A is the canonical projection and tpa : p A (do(l A ) a ) — > K is the linear map 
given by 

(4.4) ip (a,v) = l A (ir A [v)), 

then (po is a l-cocycle of the Lie algebroid p A (do(lA)°) — > A and t Po\p A (d (iA) a )a ^ ®> f or a ^ 
a £ A. 

Proof, i) Let I be a section of t a : A — > M and X c (respectively, X") be the complete lift 
(respectively, the vertical lift) of X. If 1 A (X) = c, with c € K, it follows that XF A (1 A ) = 
and, thus, the restriction of X c to A is tangent to A. In addition, if 1a(X) = we obtain that 
X? a (1a) — and, therefore, the restriction of X v to A is tangent to A. 

Now, proceeding as in the proof of Theorem 4.4 in we deduce that there exists a unique 
action of the Lie algebroid {Tt a )u (1a) '■ ^o(Ia) — > TM over the anchor map pa ■ A — > TM 
such that $o(Tl) = ^| C A , for # 6 F(^) with l A {X) = c and eel, and V (X) = X^ A , for 
X E T(t a ) such that l A (X) = 0. 

Note that if * : r(Tr^) -» X(A) is the usual action of the Lie algebroid Tt a : TA -> TM over 
the anchor map p A : A — » TM (see Section r2.1.2|l and if j : r((Tr7)i(j (i A )o) — > F(Tr^) is the 
canonical inclusion then 

o i A = (T» A )(* (^o)), for Z 6 r((Tr^)| do(lA) o). 

Consequently, the pair {{i Al i),i A ) is a monomorphism between the Lie algebroids p A (do(l A )°) 
-> A and /9~(TA) -> A. 

ii) Let {eo, e a } be a local basis of r(rr) adapted to 1^. Then, 

{T PA e = Te o p Al T PA e a = Te a o pa,^- 4 = e Q op^} 

is a local basis of sections of the vector bundle p A (do(lA)°) — * -4- Moreover, if (([•, -]^)^ , 
(/° A )* ) i s the Lie algebroid structure on p A (do(lA)°) —* A, we have that 

([T'Aeo, T^eJ^)^ = T[e , ej^ o p A , 
(4-5) (P™e Q , rwe^)S G = T[e a , ep\ A o p A) 

([T^eo,eh)^ = (P^,^)^ = ([e^.e^]^)^ = , 

and 

(p A )l (^ eo ) = (e )f A , (p I )i; (T^e Q ) = (e Q )f A , foftW) = {e a )\ A . 



LAGRANGIAN SUBMANIFOLDS AND DYNAMICS ON LIE AFFGEBROIDS 



21 



On the other hand, if X G T(tt) then, from l|2.6|l and 14.411 .we obtain that 

U(X)=cGM <p (TX o p A ) = c, 

1 A (X)=0 mx°pa)=o. 

Thus, using 14.5J1 . (|4. and the fact that 1 A is a 1-cocycle of (A, [•, -]^, p^), we conclude that 
<fo is a 1-cocycle of the Lie algebroid p A (d (l A )°) —* A. 

□ 

Now, from (|4.4[) . it follows that 

(4.7) cpo '{l} - {(a, «) G A x TA/ p A (a) = {Tt a )(v)} = J A A. 

Therefore, we deduce that J A A is an affine bundle over A with affine bundle projection pr\ : 
J A A — > A defined by pr\(a, v) = a and, moreover, the affine bundle pr\ : J A A — > A admits a 
Lie affgebroid structure in such a way that the bidual Lie algebroid to pr\ : J A A — > A is just 

(pi(do(iA)°), ([vLi)S ,ta)£ ). 

On the other hand, using (|4.4|l . we obtain that 

Vo^O} = {(«,«) e A x TV/p A (a) = (Ttv)(«)} = Pa (TV). 

Consequently, the affine bundle pr\ : J A A — > A is modelled on the vector bundle pri : 
p* A (TV) — > A. Furthermore, using Q4.5[l . we deduce that the corresponding Lie algebroid 
structure is induced by an action \ty of the Lie algebroid (TV, [•, -]y, py) over the anchor map 
: A — > TM. For this action, we have that 

V v (TX) = (i v oX)\ A , * V (X) = (i v o X)J A , for 

T/ie canonical involution: 

Let £ r ^^4 be the prolongation of the Lie algebroid (A, [•, •] t, pjj) over the fibration : A — > M 
and /O^(TA) = £ r *A be the pull-back of the Lie algebroid Tt^ : TA — > TA/ over the anchor 
map p^'-A—t TM. If (a, fig) G (£ T -*.i4.)g, with 6 G A„ and x G M, then there exists a unique 
tangent vector fia G Ta^4 such that: 

(4.8) u- a (for A ) = (d A f)(x)(b), 5a(0) = %(0) + (d A 9)(x)(b, a), 

for / e C°°(M) and : A -> R G r(r A+ ) (see (TUj). Thus, one may define the map ojj : 
£ T .?2 -> p~(TA) as follows 

(4.9) a A (a,v h ) = (b,u & ), for (5, fig) G (£ T ^2)g. 

er^ is an isomorphism (over the identity Id : A — » A) between the Lie algebroids (£ r ^yl, [-,•]-*, 
p~ A ) and (/3~(Tj4), ([■, -]^)^, (p A )%) an d, moreover, er~ = Id. is called the canonical invo- 
lution associated with the Lie algebroid (A, [•, •]^,p^) (for more details, see |1U|). 

Theorem 4.4. The restriction of to J A A induces an isomorphism a A '■ J A A — -> J A A 

between the Lie affgebroids t t a : J A A — > A and pr\ : J A A — > A and, moreover, cr A = Id. The 
corresponding Lie algebroid isomorphism cr A : C7 A V — > p* A (TV) between the Lie algebroids Ty A : 
C A V — » A and pr\ : p* A (TV) A is the restriction of to C TA V, that is, a l A = (o~ a )\c t av 
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Proof. Suppose that b is a point of A and that (a,Vb) G (C TA A)i, C (C T AA) iA ( b y Then, from 

and it follows that a A (d,v b ) G p* A (d (l A )°)b- 

Furthermore, if (b, w a ) G p^(cZo(1a) )& C (^Aj^fj) then, using again (|4.8|l and (|4.9jl . we de- 
duce that err (b, itg) G (/Z 1 "- 4 ^!)^. Thus, since o~ A is an involution, we conclude that the restriction 
of to the prolongation C TA A induces an isomorphism o~a ■ C TA A — > p* a {(Iq{1a) ) (over the 
identity Id : A -» A) between the vector bundles r~ A : Z7-M -» A and pr x : p^(do(lyi) ) -* A. 
On the other hand, as we know, C TA A (respectively, p A (do(lA) )) is a Lie subalgebroid of 
C t aA (respectively, p*~(TA)). Therefore, using that a A : C t aA — > p*~(TA) is a Lie algebroid 
isomorphism, we obtain that cT A ■ C7 A A — + p A (do(l A )°) is also a Lie algebroid isomorphism. 
Now, denote by 4>o (respectively, <po) the 1-cocycle of the Lie algebroid r~ A : C TA A — > A (res- 
pectively, pri : p A (d Q (l A ) ) — > A) given by l|3.17[) (respectively, I4.4fl ). From l|H.17|l . 14.4(1 . 
(|4.8|l and 1(4. 9j) . it follows that ip o cf2 = (f> . Consequently, using 1)4. lfl . 1(4. 7jl . Proposition 12. 21 
and the fact that the bidual Lie algebroid to the Lie affgebroid t t a a : J A A — » A (respectively, 
pri : — » A) is £ TA A (respectively, p^(do(lA) )), we prove the result. □ 

Definition 4.5. The map a A : J A A — » ,7^74 is called the canonical involution associated with 
the Lie affgebroid A. 

Suppose that (x 1 ) are local coordinates on an open subset U of M and that {eo, e Q } is a local 
basis of sections of t a : A — > M in U adapted to 1 A . Denote by (x l ,y°,y a ) the correspon- 
ding local coordinates on A and by p l and p % a the components of the anchor map p^. Then, 
{To, T a , Vq, V a } is a local basis of sections of t~ a : C t a A — > A, where 

. d d 
T (5) = (e (r^(a)), Po^ )> T «( a ) = (^(^W), pLt^ ), 

Vb(«) = (0,^o |a ). %(fl) = (0,^ |5 )- 

This local basis induces a system of local coordinates (x l , y°, y a ; z°, z a , v°, v a ) on C t aA = 
p*~(TA). The local expression of the canonical involution a A : C t aA —* p*~(TA) in these 
coordinates is (see [TT)] ^ 

a A {x\ y°, y a ; z°, /, v°, v a ) = (x l , z°, z a ;y°, y a ,v°, v a + C^(«V " «V) + C| 7 A 7 )- 

Here, Cq 7 and C^ 7 are the structure functions of the Lie bracket [•, -] A with respect to the basis 
{e ,e Q }. 

On the other hand, the local equations defining the affine subbundle J A A of C7^ A are y° = 1, 
z° = 1, u° = 0. Thus, (x l , y a ; z a , v a ) may be considered as local coordinates on J A A. Using 
these coordinates, we deduce that the local expression of a A : J A A — > J A A is 

a A {x\y a -z a ,v a ) = (x\z a ;y a ,v a + C^(y~< - z<) A-C^y 1 )- 

Finally, the local equations defining the vector subbundles C TA V and p A (TV) of C t aA and 
p*~(TA), respectively, are y° = 1, z° = 0, v° = and z° = 1, y° = 0, v° = 0. Therefore, 
(x l , y a ; z a , v a ) may be considered as local coordinates on £ TA U and p* A (TV). Using these 
coordinates, we obtain that the local expression of a l A : C TA V — > /^(TV) is 

(4.10) 0^(1*, y"; z Q , = (a:*, z a ; y a , v a - C° ^ + Cf 7 «V)- 
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5. TULCZYJEW'S TRIPLE ASSOCIATED WITH A LlE AFFGEBROID AND A HAMILTONIAN 

SECTION 

Let ta '■ A — > M be a Lie affgebroid modelled on the Lie algebroid ry : V — > M. Denote 
by ({■ , -jv , D , pa) the Lie affgebroid structure on A, by p* A (TV) (respectively, p* A (TV*)) the 
pull-back of the vector bundle Tt v : TV -> TM (respectively, Tr£ : TV* -> TM) over the 
anchor map pa ■ A — > TM and by £ Tv A (respectively, £ TA V and £ T v7) the prolongation of 
the Lie algebroid : A — > M (respectively, ry : — > A/) over the projection Ty : V* — > A/ 
(respectively, r A : A -> A/ and t v : V* —> M) . 

Suppose that {x l ) are local coordinates on an open subset U of M and that {eo, e a } is a local 
basis of r(-r^) adapted to I4. Denote by (x l ,y°,y a ) (respectively, (x 4 ,j/ Q )) the corresponding- 
local coordinates on A (respectively, V and A). Then, we may consider local coordinates 
{x % , y a ; z a , v a ) of p* A (TV) and C TA V as in Section 0] and the corresponding dual coordinates 
(x\y a ;z a ,v a ) of (£T*V)*. 

Now, let (x l , y a ; z°, z a , v a ) be local coordinates on C7 V A = p*~(TV*) as in Section mi Then, 

the local equations defining the affine subbundle p* A {TV*) — > V* of C7 V A — > V* and the vector 

subbundle C T vV — > V* of £ T v.A — > V* are z° = 1 and z° = 0, respectively. Thus, (x\y a ; z a ,v a ) 

may be considered as a system of local coordinates on p* A {TV*) and C7 V V . 

Next, we will introduce the so-called Tulczyjew's triple associated with the Lie affgebroid A 

and a Hamiltonian section. 

For this purpose, we will proceed in two steps. 

First step: In this first step, we will introduce a canonical isomorphism A a : p* A (TV*) — > 
(£ H F)*, over the identity of A, between the vector bundles /^(TV*) -> A and (£ T ^F)* -> A. 
Let (•,•): V x M V* — > R be the natural pairing given by 

(it, a) = a(u), for (it, a) G 14 X V* , 

with a: G M. If be A, {b,X u ) G /^(TV) 6 and (6,X Q ) G p^(TV*)b then 

(X u ,X a ) G T (u>a) (V x M V*) = G T U V x T a V*/(T u T V )(X' u ) = (T a T^)(X' a )} 

and we may consider the map T(-, •} : ^(TF) Xa p^(TV*) — ► R defined by 

TV) ((6, X u ), (6, X Q )) = dt {u>a) ((T Ka) (•, .»(X U) X a )), 

where f is the usual coordinate on R. The local expression of the map T(-, •) is 

TVHOr 1 , y Q ; z Q , v a ), A »a)) = y a v a + v a y a . 

Thus, T(-, •) is also a non-singular pairing and it induces an isomorphism (over the identity 
of A) between the vector bundles p* A (TV) — > A and ^(T7*)* — > A which we also denote by 

TV), that is, TV) : Pa (TV) ~» Pa( t ^*)*- Note that 

(5.1) T{^)(x\y a ;z a ,v a ) = (x\ v a ; z a , y a ). 

Next, we consider the isomorphism of vector bundles A A : C TA V — > p^(TV*)* given by 

(5.2) Ai=7V)o<^, 
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a l A : C TA V — > p* A (TV) being the linear part of the canonical involution associated with the Lie 
affgebroid A (see Section^}. Then, the isomorphism Aa : p* A (TV*) —> (C TA V)* is just the dual 
map to A* A : C TA V -> p* A (TV*)*. 
From (PfijL lEHJl and O, it follows that 

and therefore 

(5.3) ^(x 1 ,^^",^) = (x\z 1 ;v 1 - C^yp - C^z a yi 3l y 1 ). 

Second step: Let t a + : A + — » M be the dual vector bundle to the affine bundle ta '■ A — ► M, 
fi : A + — > V* be the canonical projection and h : V* — ► be a Hamiltonian section, that is, 
/i is a section of (i : A + — ► V * . 

Denote by (Clh,T)) the cosymplectic structure on C7 V A given by (23J and (221) • Then, a direct 
computation, using (22J, proves that 

r)~ 1 {l} = p* A (TV*) and r? _1 {0} = £^F. 

Thus, p* A (TV*) is an affine bundle over V* with affine bundle projection ttv~* : p* A (TV*) — > F* 
defined by ^•(a, X) = TTy(X) and, furthermore, this affine bundle admits a Lie affgebroid 
structure in such a way that the bidual Lie algebroid is r~ v : C Tv A — > V*. In addition, the Lie 

affgebroid t?^ : /^(TF*) -> F* is modelled on the Lie algebroid rfi : C^V -> F*. 

In this step, we will introduce an affine isomorphism bo ft : /^(TF*) — » (£ Tl 'F)*, over the 

identity of V*, between the affine bundle 7iv^ : ^(TF*) — > F* and the vector bundle (ry v )* : 

(£W)* _^ V*. 

The map bn h is defined as follows. If a e V* and (a, X Q ) e p^(TF*) a then 

(5.4) {b a , (a)(o, X a )}{u, Y a ) = Q h (a)((i A (a),X a ), (i v (u), F Q )), 
for («,y a ) G (£W) Q . 

On the other hand, let \>q_ v : C7 V V — > (£ T vF)* be the canonical isomorphism over the identity 
of V* induced by the canonical symplectic section fly associated with the Lie algebroid Ty : 
V — > M, that is, 

(5.5) {bn v («)(«, i^K^Za) =n v (o)((u,y a ) J («,2 , a)), 

for (u,y a ), e (£ T vV) a , with a G V*. Then, using (23J, (SH and (53)l . it follows that 

bn h is an affine isomorphism over the identity of V* and the corresponding linear isomorphism 
between the vector bundles t v v : C T vV — > F* and (r^ v )* : (£ T ^ V)* — » V* is just the map bo v . 
In conclusion, we have the following commutative diagram 




.4 



V* 
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This diagram will be called Tulczyjew's triple associated with the Lie affgebroid A and the 
Hamiltonian section h : V* — > A + . 

6. The prolongation of a symplectic Lie affgebroid 

Let ta ■ A — > M be a Lie affgebroid modelled on the Lie algebroid ry : V — > M. Denote by 
([•, -]^, p^) the Lie algebroid structure on the bidual bundle t a : A — > M to A. 
If / G C°° (M) one may define f/ie complete and vertical lift f c and f v of f to A as the function 
on A given by 

(6.1) f c (a) = PA (a)(f), /» = /(r A (a)), for a G A 
A direct computation proves that 

(6.2) (fg) c = f c 9 v + f v 9 c , {f9) v = f v 9\ for f,g€C°°(M). 

Now, if X is a section of t a : A — > M, we may consider the vertical and complete lift X" and 
X c of X as the vector fields on A defined in Section T2. 1.21 Using these constructions, we may 
introduce the sections X v and X c of the prolongation t t £ : C t a A — » A given by 

(6.3) l v (a) = (0(72(5)), X»(S)), l c (5) = (X(r A (a)), X c (~a)), 

for a G A. If {eo, e Q } is a local basis of L(t^) adapted to 1^ : A — ► R, then {eg, e° , ej, e^} is a 
local basis of L(r~ A ) (see HH1 C2I)- 

Next, denote by %a '■ A — ► A, iy ' V — ► ^4 the canonical inclusions and by Ty" 4 : £ r - 4 V A — + A the 
prolongation of the Lie algebroid Ty : V — ► M over the projection : A — > M. 
If X is a section of ry : V — > M then ii/ole ^( t a) an< ^ we nave that the restriction to A of 
the vector fields (iy ° X) v and («y o X) c are tangent to A. Thus, 

(6.4) X v = (i V °X)J A G L(r^), X c = (i v o X)f A G L(r^). 

Moreover, using the properties of the complete and vertical lifts (see ^3 El), we deduce that 

{fx) c = f c x v + fi c , {fxy = f v x v , 

(6.5) IX C ,YY V A = [X,Y}v, lX c ,Y v Vv =[X,Yfy, P^lv = 0, 

p^(X c ) = {i v °Xy ]A , p T v A (X v ) = (i v oX)J A , 

for / G C°°(M) and X, Y G L(r y ), where ([•, -]v,Pv) and ([•, -ly A ,Py A ) are the Lie algebroids 
structures on V and C TA V, respectively. In addition, if {e Q } is a local basis of T(tv) then 
{ e ai e al i s a focal basis of r(r^ v ) (for more details, see [TB]1. 

On the other hand, if pri : V x T-A — > V is the canonical projection on the first factor 
then the pair {pr\\CT AV , ta) is a morphism between the Lie algebroids (C TA V, [•, -l^Sp^/ 1 ) and 
0^ [') 'Ivi Pv)- Thus, if a G T(A Ty) we may consider the section a v of the vector bundle 
A k (C TA V)* -> A defined by 

(6.6) a v = (pr llc -Av,T A y{a). 
a v is called the vertical lift to C TA V of a and it is clear that 

(6.7) d CTAV a v = {d v a) v . 

Furthermore, we have that [a.\ A ■ • ■ A ctk) v = a\ A ■ ■ • A a\, for a* G T(A kl V*). 
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Now, we define the complete lift of a as follows. 

Proposition 6.1. If a is a section of the vector bundle A V* — > M, then there exists a unique 
section a c of the vector bundle A k (C TA V)* — > A such that 

a c (Xf,...,X%) = a(X 1 ,...,X k ) c 1 
a c (X?,X%,...,X%) = a(X 1 ,X 2 ,...,X k ) v , 
a c (X?,...,Xv,Xf +1 ,...,X%) = 0, if 2<s<k, 

for X u ...,X k E T(t v ). Moreover, d CTAV a c = {d v a) c . 

Proof. Using (|6.2I) . (|6.5|) . (|6.6|) . (|6.7|l and proceeding as in the proof of Proposition 6.3 in [TU|. 
we deduce the result. □ 

The section a c of the vector bundle A k (C TA V)* — > A is called £/ie complete lift of a. 

Remark 6.2. i) If {e Q } is a basis of T(ry) and {e Q } is the dual basis to {e Q } then 

(e Q ) c (M v ) = (e"HM c ) = * Q/9 , (e Q ) c (M c ) = (e a Y((e Y) = 0. 

Therefore, {(e") v , (e a ) c } is the dual basis to the local basis {(e Q ) c , (e Q ) v } of P(r£ A ). 

ii) If on £ T(A ki Ty), i = l,...,k, then 

fc 

(6.8) (ai A • ■ ■ A a k ) c = ^ a i A ' ' 1 A a l A ' ' 1 A "fc- 

Next, we will introduce the notion of a symplectic Lie affgebroid. 

Definition 6.3. A Lie affgebroid ta '■ A — > M modelled on the Lie algebroid ry : V — > M is 
said to be symplectic if ' ry : V — > M admits a symplectic section Q, that is, Q is a section of 
the vector bundle A 2 V* — > M such that: 

(i) For all x £ M , the 2-form fl(x) : V x x V x — > R on the vector space V x is non- degenerate 
and 

(ii) is a 2-cocycle, i.e., d v Q = 0. 

Examples 6.4. (i) Let r : M — > R be a fibration. Then, as we know (see Section the 1-jet 
bundle n,o : JV — > M is a Lie affgebroid modelled on the Lie algebroid (ttm)\vt '■ V T - * M. 
Now, suppose that M has odd dimension 2n + 1 and that (f2, 77) is a cosymplectic structure on 
M, with r] = r*(dt), t being the usual coordinate on R. This means that f2 is a closed 2-form 
and that n A Q n = n A fl A . . S n ■ ■ ■ A f2 is a volume element on M. Thus, it is easy to prove that 
the restriction to Vt of SI is a symplectic section of (ttm)\vt '■ V T ~ ¥ M and, therefore, the Lie 
affgebroid n o : J 1t —* M is symplectic. 

(ii) Let ta '■ A — ► M be a Lie affgebroid modelled on the Lie algebroid ry : V — > M. Denote 
by p* A (TV*) the pull-back of the vector bundle Tr y : TV* -> TM over the anchor map 
PA : A — > TM. Then, p* A (TV*) is a Lie affgebroid over V* with afhne bundle projection 
7ry* : /0^(TF*) -> V* given by 7ry^(a,X) = 7ry»(Jf), for (a,X) £ p* A (TV*) (see Section EJ). 
Moreover, the Lie affgebroid -Kyi : p* A (TV*) — ► V* is modelled on the Lie algebroid r y v : 
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C T vV — > V* which admits a canonical symplectic section Sly (see Section fe.l.lfl . Therefore, 
the Lie affgebroid TTyl : p* A (TV*) — » V* is symplectic. A 

Now, we will see that the prolongation of a symplectic Lie affgebroid over the affine bundle 
projection is also a symplectic Lie affgebroid. We recall that if ta ■ A — > M is a Lie affgebroid 
modelled on the Lie algebroid 7y : V — > M then the prolongation 

J A A = {(a,v) e A x TA/ PA {a) = (Tt a )(v)} 

is a Lie affgebroid modelled on the Lie algebroid t v a : C TA V — > A (see Section^}. Furthermore, 
we have that 

Theorem 6.5. Let ta ■ A — > M be a symplectic Lie affgebroid modelled on the Lie algebroid 
Ty : V — > M cmd fi 6e a symplectic section of Ty : V — > M. Then, the prolongation J A A 
of the Lie affgebroid A over the projection t a : A — » M is a symplectic Lie affgebroid and the 
complete lift tt c of Q to the prolongation C A V is a symplectic section of t v a : C TA V — > A. 

Proof. Using l|6.8[) and proceeding as in the proof of the Theorem 6.5 in ^U], we deduce the 
result. □ 

Example 6.6. Let ta ■ A — » M be a Lie affgebroid modelled on the Lie algebroid Ty : V — > M. 
Then, as we know, the pull-back tt^ : p* A (TV*) -> V* of the vector bundle Tt v : TV* -> TM 
over the anchor map pa '■ A ^ TM is a Lie affgebroid modelled on the symplectic Lie algebroid 
t$ :C T vV^V*. 

Now, suppose that (x l ) are local coordinates on M and that {e a } is a local basis of T(ry). Then, 
we may consider the corresponding local coordinates (x l ,y a ) of V* and the corresponding 
local basis {e a ,e a } of T(t v v ) (see Section fe.l.lf) . This local basis induces a system of local 
coordinates {x l , y a ; z a , v a ) on C7 V V . Moreover, if £* v * (C Tv V) is the prolongation of C Tv V 
over the projection ^ : p\{TV*) -> V* then {i c a , e c a , e£, e^} is a local basis of F((r^) 7r ^*) 
and if {e a ,e a } is the dual basis to {e a ,e a } then 

{(g Q r,(e tt r,(g«r,(e Q ) c } 

is the dual basis of {e^, e£, e^, e^}. Note that if Cq q and are the structure functions of 
the Lie algebroid (A, J-,-]^,/^) with respect to the coordinates (x 1 ) and to the basis {eo,e a } 
then, from (|6~3|) and ijOjl . we deduce that 

~el{x\y l]Z i,v y ) = (e a (x^y p ),p^)^- - (C^ 3 ) ~ C^V)^), 

d 

(6.9) eJi(a; l ,y 7 ;z' ) ',w 7 ) = {e a (x 3 ,yp), - — ), 

oy a 

el(x\y 1 ;z' 1 : v^) = (0, — ), eZ(x\ y 7 ; z 7 , u 7 ) = (0, — ). 
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In addition, using l|2.3[) and (|6.8() , we deduce that the local expression of the complete lifts Ay 



and Qy are 



(6.10) 



\y (x l , y a ; z a , v a ) 

^V" (p^ i Va Z a , "a ) 



v a {e a Y + y a (e a ) c , 

(e Q ) c A (e Q ) v + (e Q ) v A (e Q ) c + C'^y^e 01 ) A (e^) v 



I Q(J1 



A 



M. 



7. Lagrangian Lie subaffgebroids in symplectic Lie affgebroids 

First of all, we will introduce the notion of a Lie subaffgebroid of a Lie affgebroid. 

Definition 7.1. Let ta '■ A — > M &e a Lie affgebroid modelled on the Lie algebroid Ty : V 
A Lie subaffgebroid of A is a Lie affgebroid morphism ((j : A' — ► A,i : M' — > M), (j ( : 1/' — > 
V, i : M' — > A/)) smc/i i/iai i is an injective inmersion and j : A' — > A is also infective. 

Examples 7.2. Let ta ■ A — > M be a Lie affgebroid modelled on the Lie algebroid Ty : V — > M. 
i) Denote by ([•, -J^;,/^) the Lie algebroid structure on the bidual bundle t a : A — > M to A. 
Now, suppose that X is a section of ta '■ A — > M and consider the map (7<i, TXop A ) ; A — > A 
given by 

(H,TIop i )(5) = (a,(TI)(p i (a))), for ~a e A. 

Using the definition of the anchor map of the Lie algebroid t~ a : C A A — » A and the fact that 
p^ : T(r^) — > X(M) is a Lie algebra morphism, we deduce that the pair ((Id, TX o p A ),X) is 
a Lie algebroid morphism. Moreover, it follows that ((Id, TX o p~), X)*(<f>o) = 1a, where cpo is 
the 1-cocycle on t~ a : C TA A -> A defined by ipTTTjl . Thus, the pair ((Id, TX o p A ),X) defines 



a Lie subaffgebroid of (t t a a : J A A -> A, r y A : £ T ^y -> A) 



(Id,TXo PA ) 




(Id, TX o p y 




m) Denote by p* A (TV*) the pull-back of the vector bundle Tt v : TV* -> TM over the an- 
chor map pa : A — > TA/. p^(TV^*) is a vector bundle over A with vector bundle projec- 
tion priipj^.) : p* A (TV*) - A defined by pr^CTV^folO = a, for (a,T) 6 p^TV^). 
Now, suppose that X : A — > p^(TV^*) is a section of priory) : p^(TV^*) — > A and let 
^",4 be the prolongation of the Lie algebroid t a : A — > M over the map Ty : V* — ► M 
and 7T\7* : p^(TV*) — > T^* be the canonical projection. Then, we may consider the map 
(Id, T(^ oX)):C TA A^> C T vA given by 

(Id,T(^ o X))(a,Y) = (5,T(i^oi)(y)), for (a,r)e£ rA i. 

It is easy to prove that the pair ((Id, T(ttv* ° X)), ny* ° X) 
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„ (id,T(^r.oX)) 

C TA A C T vA 



A 



iry o X 



V* 



is a Lie algebroid morphism. 

Next, denote by C 7Tv * (C Tv A) the prolongation of the Lie algebroid r~ v : C Tv A — » V* over the 
projection tt^ : p* A (TV*) -> V* and by ((Id,T(^ o X)),TX) : C TA A -> £*v'(C T vA) the 
map given by 

((Id,T(^ o X)),TX)(&,Y) = ((d,T(^, o X))(Y),(TX)(Y)), 

for (6, Y) £ C TA A. Then, using the above facts, we conclude that 
((Id,T(^T.oX)),TX) 



C7 A A 



-A 



£*V (£T vA) c £T VA x T( P * A (TV*)) 



{T rvy v , 



A 



X 



P*a(TV*) 



is a Lie algebroid morphism. 

On the other hand, as we know (see Section EJ, the affine bundle ttxT. : p* A (TV*) — > V* is a 
Lie affgebroid and the bidual bundle to Tryl : p* A (TV*) — > V* may be identified with the Lie 
algebroid t~ v : £ Tl 'A — > 1/*. Therefore, one may consider the 1-cocycle </>o : £* v * (£ T "4) — > M 
of C*v* (C T vA) -> /5^(TF*) given by <fo((a, F), Z) = 1a (a), for ((a, F), Z) 6 (£ r ^2) (see 
(I3.17|> ). Moreover, it follows that 

(({Id,T(^T, oX)),TX),X)*(4> ) = J>o, 

where 4> : C TA A -> M is the 1-cocycle of t~ a : £ TA 2 -> A defined by ijTTTjl . Note that 

4> Hi} = J^ (w *Va(^*), ^o X {0} = C^(C^V), 



0o W 



J A, 



0o '{0} 



Consequently, the pair (((Id, T(7Ty* oX)),TX),X) defines a Lie subaffgebroid of the Lie affge- 
broid ((tt^)^* : J^CTO^TV*) _^ ^(7V*), (rf)^' : C^' (C T vV) -» ^(TV*)) 

jA^ vv , v v ^ L_ ^i(TV ) p ^(TF*) 



(vry.)^* 
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£T A y 



{(Id,T(^T, o X)),TX) 



A 



X 



P*a(TV*) 



A 



Next, we will introduce the notion of a Lagrangian Lie subaffgebroid of a symplectic Lie affge- 
broid. 

Definition 7.3. Let ta ■ A — * M be a symplectic Lie affgebroid modelled on the Lie algebroid 
Ty : V —> M with symplectic section Q and 

3 i l 
A' A v' V 



TA 



Ty 



TV 



M' 



M 



M' ■ 



M 



be a Lie subaffgebroid. Then, the Lie subaffgebroid is said to be Lagrangian if j (V£>) is a 
Lagrangian subspace of the symplectic vector space iyux'), ^i!x'))> f or a ^ x ' G M' . Ln other 

words, we have that: (i) rank V' = —rank V and (ii) {^i{x'))\fi(v',)xj l {V',) = 0> for all 
x' e M'. 



Now, let ta ■ A — > M be a symplectic Lie affgebroid modelled on the Lie algebroid ry : V — > M 
with symplectic section il. Then, as we know (see Theorem I6.5fl . the Lie affgebroid (r^ 4 : 
J A A — ► A, t v a : C TA V — > A) is symplectic and the complete lift f2 c of f2 is a symplectic section 
oir r v A :C TA V^A. 

Denote by ([•, -\v,D,pa) the Lie affgebroid structure of A and suppose that X : M — > A 
is a section of ta ■ A — > M. The section X allows us to define the Lie subaffgebroid of 
(tJ 4 : J A A — » A,t v a : C TA V — * A) considered in Examples 17.21 i) and, in addition, we will 
obtain a necessary and sufficient condition for such a Lie subaffgebroid to be Lagrangian. 
For this purpose, we will introduce the operator D x ■ T(A k T v ) — > T(A k T v ) defined as follows. 
If a G T(A k T v ) then 



(7.1) 



(D x a){X u ...,X k ) = p A (X)(a(Xi, . . . , X k )) - £ a(X u D X X U ...,X k 



for Xx,...,Xk€ r(r y ). Note that 

D x (fX i )=p A {X)(f)X i +fD x X i , for / G C°°(M), 
and, thus, D x a G F(A fc y*). 
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Remark 7.4. The canonical inclusion iy : V — > A is a Lie algebroid monomorphism over the 
identity of M (see l|2.9|l) and, moreover, one may choose a G T(/\ k r A +) such that a — i v a. 
Then, from (|2.9jl and l|7.1jl . we deduce that 

(7-2) Oxa = i*v(£(i A oX)&), 

where i A '■ A — > A is the canonical inclusion and £(^ AO x) ^ s the Lie derivative in the Lie algebroid 
: A —¥ M with respect to the section i A o X : M — > A. (} 

Using the operator D x , we have that 

Proposition 7.5. Let (r A '■ A — > M, Ty : V — ► M) be a symplectic Lie affgebroid with symplectic 
section fl and X : M — > A be a section of A. Then, the Lie subaffgebroid of {r T A : J A A — > A, 
Ty A : £ TA V — > A) considered in Examples 1 7. #| f ) is Lagrangian if and only if DjO = 0. 

Proof. Let y be a section of Ty : V — > M and denote by X and Y the sections of t a : v4 — * M 
given by X = i A ° X and Y = iy o Y". Then, using some results in JOj (see Examples 7.5 in 
[10|). we obtain that 

(TX)(p A (Y)) = (Y c -lX,Yf A )oX, 

where Y c G X(A) and [X, YfL g are the complete and vertical lift of Y G r(r^) and 

[X,y]jj G r(Tjj), respectively. Since the restriction to A of Y c and [X, Y]^ are tangent to ^4 
and p^Y) = py{Y), it follows that TI(p y (y)) = {{Y C ) ]A - ([X,YfL) {A )o X, and thus, using 
(|6.3|l and (|6.4|l . we deduce that 

(Id, TXop v )oY= (Y c - (D X Y) V ) o X, 

where Y c G r^y- 4 ) and (Z?xY) v G r(T y A ) are the complete and vertical lift of Y G r(ry) and 
-DxY G r(ry) (see Section 0. 

On the other hand, if Y, Z G r(ry) then, from Proposition l6.ll we have that 

si c (y c - (d x y) v , z c - {D x zy) = si(y, zy - n(D x Y, zy - h(y, d x z) v . 

Therefore, using it follows that 

Q C {Y C -(D X Y) V ,Z C -(D x Z) v )oX = p A {X){Q{Y,Z))-n(D x Y,Z)-n(Y,D x Z) 

= (D x n)(Y,Z) 

and n c (Y c - (D X Y) V ,Z C - (D x Z) v )oX = 0, for all Y, Z G T(t v ), if and only if D x n = 0. 
Consequently, taking into account that the rank of V is -rank(£ TA V), we deduce the result. □ 

In the particular case when the symplectic section 51 is a 1-coboundary, we obtain the following 
corollary. 

Corollary 7.6. Let (r A : A — > M, Ty : V — ► M) &e a symplectic Lie affgebroid with symplectic 
section f2 = — d^A, A 6em<7 a section of the vector bundle t v : V* — > M and suppose that 
X : M -> A is a section of t a : A — ► Af. Then, the Lie subaffgebroid of {t t a : Sf^A — ► A,Ty A : 
£ TA y — ► A) considered in Examples \ 7.S\ i) is Lagrangian if and only if the section D X X of 
t v : V* — > M is a 1-cocycle of Ty : V — > M. 
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Proof. If a 6 F(A fe Ty) then, from Remark l7.4l and since iy : V — > A is a Lie algebroid morphism, 
it follows that Dx(d v a) = d v (Dxct). In particular, this implies that Dx^l = —d (DxX)- Thus, 
using this fact and Proposition we deduce the result. □ 



Let ta '■ A — > M be a Lie affgebroid modelled on the Lie algebroid Ty : V — > M and p^(Ty) be 
the pull-back of the vector bundle Tr^ : TV* — > TM over the anchor map : A — > TM. Then, 
p* A {TV*) is a Lie affgebroid over V* modelled on the vector bundle t v v : U^V —y V* and with 
afBnc bundle projection -rry^ : p* A {TV*) — > V* . Denote by fly the canonical symplectic section 
of C^'V. As we know (see Example Ell , the Lie affgebroid (^f v ' : Jp*a( tv ') p* A (TV*) -> 
(TV*) modelled on the Lie algebroid (r^) 7 ^* : (£ r ^ V) -» ^(TV*) is symplectic and 
the complete lift fi y of Q y is a symplectic section of (r^) 7 ^* : (C T vV) -» p* A (TV*). 
Now, suppose that X : A — > p* A (TV*) is a section of the vector bundle Wilp^TV) '■ P*a{TV*) — ► 
A. Then, 1 allows us to define the Lie subaffgebroid of ((t^) 7 ^* : JPaFV) p * A (TV*) -» 
/^(TV*), (t^) 7 ^ 7 * : (£ T v V) -> ^(TV*)) considered in Examples Qm). 
Next, we will obtain a necessary and sufficient condition for such a Lie subaffgebroid to be 
Lagrangian. For this purpose, we will introduce a section of (C TA V)* — > A as follows. 
Let : p* A (TV*) — > (£ TA V)* be the canonical isomorphism, over the identity of A, between 
the vector bundles p* A (TV*) — > A and (£ TA V)* -> A considered in Sectional (see (|5.3fll and 
be the section of (£ TA V)* — > A given by 

(7.3) a x =A A oX. 

Then, we have the following result. 

Proposition 7.7. Let ta '■ A — > M be a Lie affgebroid modelled on the Lie algebroid Ty : 
V -> M and X : A -» ^(TV*) &e a serfion o/pri^^.) : p* A (TV*) -> A. Then, the 

Lie subaffgebroid of ((t^) 7 ^* : JP*^ TV *) p\{TV*) -> /0^(TV*), (r^) 7 ^* : (£ T v V) -> 
p^(TV*)) considered in Examples \ 7. ^ m) is Lagrangian if and only if a x is a 1-cocycle of the 
Lie algebroid t v a : C TA V -> A. 

Proof. Let (^f^, X) be the monomorphism between the Lie algebroids t^ 4 : £ TA V — > A and 
( T £v)*iT. . £ ^v* ( y C T v v) _> ^(TV*) considered in Examples Qm). 

Suppose that (x l ) are local coordinates on M and that {eo, e Q } is a local basis of T(t a ) adapted 
to 1a- Denote by (x\y a ) (respectively, {x 1 , y a ; z a , v a )) the corresponding coordinates on A 
(respectively, p* A {TV*)) and by {T a , V a } the corresponding local basis of T(t v a ) (see l|3.15p ). 
If the local expression of X : A — > p* A (TV*) is 



(7.4) 



X(x i ,y a ) = (x i ,X a ;y a ,X' a ) 
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then, using (|3.15() and l|6.9[) . we deduce that 

^(T Q (x>,^)) = ~e-{X{x i ^))+(P a {x i )—^- e^X{x\y^)) 

OXJ \(x\y~t) 

~ C% a (x i )eJ(X(x i ,y'y)) + Cl (x^^(X(x\ y rj) 
dX 1 

(7.5) + W)^r p (X&,v'r)), 



dX p 



HFx(V a (x\yi)) = j-^ e c p (X(x\yi)) + el(X(x\y-y)) 

+ —| e}(X(x%y^)), 

9y a \(x\y~t) 



where e c a and e c a (respectively, e w a and e„) are the complete lifts (respectively, vertical lifts) 
of e a and e a to T((t v v " ) 7Tv * ) and p % , p l a , C^ a and CHg are the structure functions of the Lie 
algebroid tjj : A — > M with respect to the local coordinates (a? 1 ) and to the basis {eo,e Q }. 
Thus, if Ay is the Liouville section of C V V then, from H6.10[l and (|7.5|l . we obtain that 



{? s ,xyw) = (K + X^yP + x 7 ci )f a + x a v a , 

{f a , V a } being the dual basis of {f a , V a }. 
Therefore, using CHJ an d 1(7^1) . it follows that 

Now, since Q y = (-d £T ^ y Ay) c = -d^* ^ V U V (see Proposition EJ, we have that 
(7.6) (v^,X)*(^) = -<F A ^. 

Consequently, using l|7.6[) and the fact that rank(C TA V) — \rank{0 Xv * (C Tv V)), we deduce 
the result. □ 



8. lagrangian submanifolds, tulczyjew's triple and euler-lagrange 

(Hamilton) equations 

Let (ta ■ A — > M, T\/ — > M, ([•, -Jy, D, Pa)) be a symplectic Lie affgebroid with symplectic 
section f2. Then, as we know (see Theorem 16.50 . the Lie affgebroid (r r A A : J A A — > A 7 Ty A : 
C TA V — > A) is symplectic and the complete lift f2 c of is a symplectic section of Ty 1 : C TA V — > 
A. 

Definition 8.1. Let S be a submanifold of the symplectic Lie affgebroid A and i : S —> A be 

the canonical inclusion. Denote by t a : S — > M the map given by t a = ta ° i and suppose that 

pv(V T S( a j) + (T a T A )(T a S) = T T si a ^M, for all a 6 S. Then, the submanifold S is said to be 

T s s 

Lagrangian if the corresponding Lie subaffgebroid (tts '■ p* A (TS) — > S,t v a : C Ta V — > S) of the 
symplectic Lie affgebroid {t t a a : J A A — t A,t v a : C A V — > A) is Lagrangian. 



Now, we have the following result. 



34 



D. IGLESIAS, J.C. MARRERO, E. PADRON, D. SOSA 



Corollary 8.2. Let (ta ■ A — > M, Ty : V — > M) &e a symplectic Lie affgebroid with symplectic 
section f2 = — rf^A, A oemg a section of the vector bundle t v : V* — > M and suppose that 
X : M — > A is a section of ta '■ A — > M. Then, the submanifold S = X(M) of A is Lagrangian 
if and only if the section DxX of t v : V* — » M is a 1-cocycle of Ty : V — > M. 

Troo/. Let (Id,TX o p A ) : A — > J A A (respectively, (Id,TX o p y ) : V -» Z7 A V) be the 
morphism defined as in Examples 17.21 z). Then, a direct computation proves that (Id,TX o 
,Oa)(A) = ^(TS*) and (Id, TX o p v ) (V) = C A V. Thus, using Corollary 171)1 we deduce that S 
is Lagrangian if and only if DxX is a 1-cocycle. □ 

If TA : A — > M is a Lie affgebroid modelled on the Lie algebroid Tv : V — ► M, we will 
denote by p* A (TV*) the pull-back of the vector bundle Tt v : TV* — > TM over the anchor map 
PA : A — > TM and by A^ : p^(TV"*) — ► (£ TA V)* the canonical isomorphism, over the identity 
of A, between the vector bundles p\{TV*) — > A and (£ TA V)* — > A considered in Section |3] (see 

Corollary 8.3. Let ta '■ A —>■ M be a Lie affgebroid modelled on the Lie algebroid Ty :V — » -M 
and X : A —> p A (TV*) be a section of prx\ p * A (TV*) '■ P*a{TV*) — > A. Denote by S the submanifold 
X{A) of p* A (TV*) and by a x the section of {C TA V)* — » A given by a x = A A oX. Then, S is a 
Lagrangian submanifold of the symplectic Lie affgebroid [ttv^ : p A (TV*) — > V*,Ty V : £ Tv V — > 
V*) i/ and onZy if a x is a 1-cocycle of the Lie algebroid t v a : C TA V — > A. 

Troo/. Let {{Id,T{^ o X)),TX) : J A A -> JP*a( tv *) p* A {TV*) (respectively, ((Id,T(^ o 
X)),TX) : £ TA F -> (£ T ^F)) be the morphism defined as in Examples El ii). Then, it is 
easy to prove that 

((Id,T(^r, o X)),TX)(J A A) = p* pl(Tvt) (TS), 
((Id,T(w* oX)),TX)(C TA V)) = C T ^ TV "\C T vV). 
Thus, using Proposition l7.7l we deduce that 5* is Lagrangian if and only if a x is a 1-cocycle. □ 

Now, let (ta : A —> M, Ty : V — > M) be a Lie affgebroid and h : F* — > A + be a Hamiltonian 
section, that is, ft is a section of /i : A + — > V*. Then, we can consider the cosymplectic 
structure (f^, rj) on C T v A given by (|3.1|) and i|3.2|) and the Reeb section Rh 6 Y(t t ~') of (f^, 77) 
(see Since 7j(J? fe ) = 1, we have that C p* A (TV*). Moreover, from JO}, it follows 

that 

(8.1) C^ A Xh = d CT ^ A (Xh(Rh))- 

Thus, using l|3.4jl . I|7.2|l . (|8.1jl and Corollary |8. 21 we deduce that = R h (V*) is a Lagrangian 
submanifold of p A {TV*). 

On the other hand, it is clear that there exists a bijective correspondence ^h between the set 
of curves in Sh and the set of curves in V*. In fact, if c : / — > V* is a curve in V* then the 
corresponding curve in Sh is Rh c : I — > Sh. 
A curve 7 in Sh, 

i:I^S h Q p* A {TV*) C £ T v2 c A x TV*, ( 7l (i), 72 (i)), 
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is said to be admissible if the curve 72 : I — > TV* is a tangent lift, that is, 72 (f) — c(t), where 
c : I — > ^* is the curve in y* given by 7ry* 072, ny- : TV* —> V* being the canonical projection. 

Theorem 8.4. Under the bijection ^h, the admissible curves in the Lagrangian submanifold 
Sh correspond with the solutions of the Hamilton equations for h. 

Proof. Suppose that 7 : 1 — ► Sh C C T v A C A x TV*, 7(4) = (71 (f), 72(f)) is an admissible curve 
in Sh- Then, 72(f) = c(f), for all f, where c : 7 — ► V* is the curve in V™ given by c = 7iv* o 72. 
Now, since Rh is a section of the vector bundle r~ v : C Tv A — > V™ and 7(1) C £/, = iih,(V*), it 
follows that 

(8.2) R h [c(t))=~/(t), far all t, 

that is, c = 'J/,. (7). Thus, from 1)8.2(1 . we obtain that p~ v (Rh) c = 72 = c. In other words, c 

is an integral curve of the vector field p T ^(Rh) and, therefore, c is a solution of the Hamilton 
equations associated with h (see Section |3~TJ) . 

Conversely, assume that c : I — > V™ is a solution of the Hamilton equations associated with fo, 
that is, c is an integral curve of the vector field p~ v (Rh) or, equivalently, 

(8.3) pf(R h )oc = c. 

Then, 7 = Rh o c is a curve in S/j and, from (|8.3(l , we deduce that 7 is admissible. □ 

Next, suppose that L : A — > R is a Lagrangian function. Then, from Corollary 18. 31 we obtain 
that Sl — (A ~^ o d £TAy L)(A) is a Lagrangian submanifold of the symplectic Lie affgebroid 
p* A (TV*). 

On the other hand, we have a bijective correspondence ^ l between the set of curves in Sl and 
the set of curves in A. In fact, if 7 : / — > Sl is a curve in Sl then there exists a unique curve 
c : I -> A in A such that A A (~/(t)) = (d CTAy L)(c(t)), for all t. Note that 

m(7(*)) = (r^r(A A (j(t))) = (r v -)*((d CTAV L)(c(t))) = c(t), for all t, 

where pr\ : p* A (TV*) C i x TV* — > ^4 is the canonical projection on the first factor and 
(Ty A )* : (C TA V)* A is the vector bundle projection. Thus, 

7(f) = (c(f), 72(f)) G p A (TV*) C £ r i'4 C A x TV*, for all f. 

A curve 7 in Sl 

I-.I^SlC p* A (TV*) CAx TV*, t ^ (c(t), 72(f)), 

is said to be admissible if the curve 72 : I — * TV* is a tangent lift, that is, 72(f) = c*(f), where 
c* : T — > y* is the curve in y* given by c* = 7iv* o 72. 

Theorem 8.5. Under the bijection ^l, the admissible curves in the Lagrangian submanifold 
Sl correspond with the solutions of the Euler- Lagrange equations for L. 

Proof. Suppose that (x l ) are local coordinates on M and that {eo, e a } is a local basis of r(ri) 
adapted to 1^. Denote by (x\y a ) (respectively, (x l ,y a ) and (x % , y a ; z a , v a )) the correspon- 
ding coordinates on A (respectively, V* and p* A (TV*)). Then, using (|5.3|l . it follows that the 
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submanifold Sl is characterized by the following equations 

(8- 4 ) »- = ^ za = y°> v^^ + ^a + Cjy)^, for all a. 

Now, let 7 : I — > Sl be an admissible curve in Sl 

7 (f) = (c(f) )72 (f)) eSiC /&(TV*) CixTr, for all t, 
and denote by c* : I — > V™ the curve in satisfying 
(8.5) 72 0) = c*(f), for all f, 



(8.6) c*(t) = Try, (72(f)), for all t. 
If the local expressions of 7 and c are 

7(f) - (x\t),y a {t) ]Z a {t),v a {t)), c(t) = (x*(t),y a (t)), 

then we have that 

(8.7) y a (t) = z a (t), for all a. 
Moreover, from (|8.5|) and Q8.6|) . we deduce that 

(8.8) c*(f) = (^(f), ya (t)), 72 (i) = ^A + ■ 

af ax J | c *(t) at oy a \ c ,^ 

Thus, 

(8.9) » a (t) = for all a. 

Therefore, using JH3J>, (JHTJl, (US and the fact that p.a(c(f)) = (TVy) (72(f)), it follows 

that 

dx i d dL dL dL 

for all i and a, that is, c is a solution of the Euler-Lagrange equations for L. 

Conversely, let c : I — > A be a solution of the Euler-Lagrange equations for L and 7 : J — > Sl 

be the corresponding curve in Sl, c = ^1,(7). Suppose that 

7(f) = (c(f), 72(f)) £SlC p^t (TV*) Ux TV*, for all f, 

and denote by c* : / — > V* the curve in V* given by c* = iry ° 72- If the local expressions of 
7 and c are 

7 (f) = (x i (t),y a (t);z a (t),v a (t)), c(f) = (x l (t), y a (t)), 
then y a (t) = z a (t), for all a, and the local expressions of c* and 72 are 

C*(t) = »a(t)), 72(f) = U(^(f))+^(f) P ^(^(f)))^ +Vjt)^- . 

Thus, using (|8.4|l and the fact that c is a solution of the Euler-Lagrange equations for L, we 
deduce that 72(f) = c*(f), for all t, which implies that 7 is admissible. □ 



LAGRANGIAN SUBMANIFOLDS AND DYNAMICS ON LIE AFFGEBROIDS 



37 



Now, assume that the Lagrangian function L : A — ► K is hyperregular and denote by Ql 
and £Il = —df aa Ol the Poincare-Cartan sections associated with L. We consider the map 
(i V ,Id) : C TA V -> C TA A given by 

(i v ,Id)(v,X a ) = (i v (v),X a ), for all (v,X a ) G (£ TA F)„, with a e A, 

iy : V — > A being the canonical inclusion. We have that (iy, Jd) is a Lie algebroid morphism 
over the identity of A. Furthermore, if (f>o is the section of the dual bundle to C TA A defined by 
(|3.17(1 . it follows that the pair (fit, 4>q) is a cosymplectic structure on C TA A (see 2011 *1 and it is 
easy to prove that (iy, Id)*<po — 0. This implies that (iy, Id)*D,L is a symplectic section of the 
Lie algebroid r y A : £ TA V -> A and, thus, the Lie affgebroid (t t a a : J A A -► A, r y A : £ TA V — > A) 
is symplectic. Note that (i v ,Id)*Q L = -d rAV ((i v , Id)*(Q L )). 

Next, denote by Rl the Reeb section of the cosymplectic structure (Ql, <Po)- Since </>o(Rl) = 1, 
we deduce that Rl is a section of t t a a : l / j4 ^4 — » A. Moreover, we have that £^ a 9l = 
d £TAA (9 L (i? L )). Therefore, from JZ2J) and Corollary IO we deduce that Sr l = Hz, (A) is a 
Lagrangian submanifold of the symplectic Lie affgebroid J A A. 

On the other hand, it is clear that there exists a bijective correspondence ^s Rl between the 
set of curves in Sr l and the set of curves in A. 
A curve 7 in Sr l 

-V:I->S Rl C J a A CAxTA, t~ (71(f), 72(f)), 

is said to be admissible if the curve 72 : / — > TA is a tangent lift, that is, 72 (t) — c(f), for all f, 
where c : / — > A the curve in A defined by c = tta 72, tta : TA — > A being the canonical 
projection. 

Theorem 8.6. If the Lagrangian L is hyperregular then under the bijection ^s Rl the admissible 
curves in the Lagrangian submanifold Sr l correspond with the solutions of the Euler- Lagrange 
eguations for L. 

Proof. Let 7 : 1 — > Sr l C J a A C Ax be an admissible curve in Sr l , 7(f) = (71(f), 72(f)), 
for all f. Then, 72(f) = c(f), for all f, where c : 7 — ► A is the curve in A given by c = tta ° 72 • 
Now, since Rl is a section of the vector bundle T r A : J A A — > A and -f(I) C Sj^ = i?z(A), it 
follows that Rz(c(t)) — 7(f), for all f, that is, c = $s Hi (7). Thus, we obtain that p t £(Rl) oc = 
72 = c, that is, c is an integral curve of the vector field /9~ A (i?z). Therefore, c is a solution of 
the Euler-Lagrange equations associated with L (see Section ET2l . 

Conversely, assume that c : I — » A is a solution of the Euler-Lagrange equations associated 
with L, that is, c : / — > A is an integral curve of the vector field p a a (Rl) or, equivalently, 

(8.10) P t £{Rl)oc = c. 

Then, 7 = Rl ° c is a curve in 5^ and, from (|8.10J) . we deduce that 7 is admissible. □ 

If L : A — > R is hyperregular then the Legendre transformation legL ■ A — > V* associated 
with L is a global diffcomorphism. So, we may consider the Hamiltonian section hL : V™ — * A + 
defined by /i£ = LegL^leg^ 1 , £egz : A — > A + being the extended Legendre transformation, and 
the Reeb section Rl (respectively, Rh L ) of the cosymplectic structure (f2z,0o) (respectively, 
(Qh L ,v)) on £ TA A (respectively, C^A). 
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Thus, we have: 

• The Lagrangian submanifolds Sl and Sh L of the symplectic Lie affgebroid p* A (TV*). 

• The Lagrangian submanifold Sr l of the symplectic Lie affgebroid J A A. 

Denote by (ClegL, legL) the Lie algebroid isomorphism between the Lie algebroids C TA A and 
C7 V A induced by the transformation legL ■ A — > V*. 

Theorem 8.7. If the Lagrangian function L : A — > K is hyperregular and Kl '■ V* — > A + is 

the corresponding Hamiltonian section then the Lagrangian submanifolds Sl and Sh L are equal 
and 

(8.11) £leg L (S RL )=S L = S hL . 
Proof. Using H3.30|) . we obtain that 

(8.12) A A ° Rh L ° legL = A A ° Cleg L a R L . 

Now, suppose that (x l ) are local coordinates in M and that {eo,eo,} is a local basis of T(t a ) 
adapted to 1a- Denote by (x l ,y a ) the corresponding coordinates on A and by (x l , y a ; z a , v a ) 
(respectively, {x l , y a ; z a ,v a ) and (x l , y a ; z a , v a )) the corresponding ones on J A A (respectively, 
p* A (TV*) and (£ TA V)*). Then, from (|X77I) and JOJ, we deduce that 

81 8T 

(A A o Cleg L o R L ){x\y a ) = {x\y a -p^ — , —). 

Thus, it follows that (A A o Cleg L o R L ){x\y a ) = d CTAy L{x\ y a ), that is (see (|H7T^l). A A o 
Rh L o leg L = d CTAV L. Therefore, S L = S hL . 

On the other hand, using (|3.30(l . we obtain that l|8.11|l holds. □ 

9. Applications 

9.1. The particular case of a Lie algebroid. In this first example, we will show that when 
we consider a Lie algebroid as a Lie affgebroid and we apply the results obtained in this paper, 
we recover the constructions made in |10j . 

Let (E, [•,•], p) be a Lie algebroid on M with vector bundle projection te '■ E — > M. In this case, 
te ■ E — > M can be considered as an affine bundle with associated vector bundle te : E — > M. 
Then, its dual bundle E + is E* x K and therefore, its bidual bundle i? is just £xR. Moreover, 
we can identify the distinguished section 1_e G L(r B +) = T(t e ) x C°°(Af) with the section 
(0, 1) E T(t e ) x C°°(M) induced by the constant function 1 on M. 

On the other hand, a local basis {eo,eo,} of sections of E = E x R adapted to the 1-cocycle 
1e = (0, 1) can be constructed as follows 

e = (0, 1) G L(r B+ ) = r(r B ) x C°°(M), e a = (e' Q ,0) G L(r B+ ) = T(t e ) x C°°(M), 

where {e^,} is a local basis of sections of E. 

Now, suppose that (x l ) are local coordinates on an open subset U of M. Denote by (x l ,y a ,y°) 
the local coordinates on E = E x M induced by {eo,e a }. The local equation defining i? as 
affine subbundle (respectively, as vector subbundle) of E is y° — 1 (respectively, y° = 0). Thus, 
(x z ,y a ) may be considered as local coordinates on E. 
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In such a case, the local expressions of the Lie bracket and the anchor map on E = E x K are 
the following: 

[eo,e Q ]_E xR = 0, [e^e^BxR = CZg&y, 

d 

PExm(e ) = 0, PExm( e a) = Pa^- 

On the other hand, the prolongation, C Te E, of the bidual Lie algebroid E over the dual pro- 
jection of the vector bundle te : E —> M is just the product vector bundle C E E xR->£*. 
So, the space of sections of C T " E E can be identified with T(t e e ) x C 00 (E*). 
Since the map /i : E + = E* x M — > E* is the canonical projection on the first factor, a 
Hamiltonian section h : E* £*xR may be identified with a Hamiltonian function H : E* — > R 
is such a way that = (/?, —iT (/?)), for /3 G -E*. Moreover, the cosymplectic structure (f2/j, 77) 
on the Lie algebroid C Te E can be expressed in terms of the canonical symplectic section of C Te E, 
n E , and the section (0, 1) G L(r^) x C°°{E*) as follows 

(9.1) Q h = Q E + d CTiE H A (0,1), 77 = (0, 1). 

Thus, the local expression of the Reeb section of (Oft, 77), -R/j £ r(T~ B ) = L(r^ E ) x C°°(E*), is 

(9-2) flfc = (£ ff ,l), 

being the unique section of Y(t e e ) satisfying i^ h CIe = d c EE H. This implies that the 
vector fields /3^ xK (i?/t) and P Te (£h) on E* coincide. Therefore, one deduces that the Hamilton 
equations associated with h on E (as a Lie affgebroid) are just the Hamilton equations associated 
with H considering on E the structure of Lie algebroid (see Section 3.3 in |10j1. 
Now, let L : E — > R be a Lagrangian function. Then, if we write the Euler-Lagrange equa- 
tions associated with L (see l|H.21jl ). we obtain the Euler-Lagrange equations associated with L 
considering E as a Lie algebroid (see (2.40) in [TT)j^. 

On the other hand, if the Lagrangian function L is hyperregular, we can consider the corre- 
sponding Hamiltonian section Hl : E* — > E + = E* x R defined by = £egi, o legT . Thus, 
Hl{oi) = (a, —Hl(cx)), where Hl ■ E* — > R is a Hamiltonian function on E* . One may prove 
that Hl = El ° leg^} ^ where i?L : E — > R is the Lagrangian energy associated with L (for the 
definition of El, see Thus, is the Hamiltonian function associated with L considered 

in HO]. 

Next, we are going to describe the Tulczyjew' triple associated with E (as a Lie affgebroid) and 
the Hamilton section h : E* — > x R: 
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Note that the space J E is the prolongation C7 E E of E over te '■ E — > M. Moreover, 
the canonical involution ue ■ J E E — > J E E associated with the Lie affgebroid E is just the 
canonical involution associated with the Lie algebroid E which was introduced in (see 
Section 4 in [TUj). Thus, it is easy to prove that the map A E : p* E {TE) = C T " E E (C TE E)* 
coincides with the isomorphism of vector bundles also introduced in JU| (see Section 5 in |1U|L 
On the other hand, let \>E' '■ C7 E E — ► (C Te E)* be the canonical isomorphism between the vector 
bundles tte' ■ C Te E — > E* and (t e e )* : (C Te E)* — > £J* induced by the symplectic section 
Then, one can check that (see (19.111 ) 

^ = b B . -(cT^^ct^. 

Finally, we will analyze the Lagrangian submanifolds which describe the dynamics on the Lie 
affgebroid E. 

If L : E — > R is a Lagrangian function then it is clear that Sl = (^e 1 ° d c EE L)(E) is just 
the Lagrangian submanifold of the symplectic Lie algebroid tte* : C E E — * E* which was 
considered in 10 in order to describe the Lagrangian dynamics (see Section 8 in On the 

other hand, suppose that h : E* — ► E + — E* x R is a Hamiltonian section and that : 73* — > R 
is the corresponding Hamiltonian function. Then, the vector bundle tte* : C Te E — ► i?* may be 
identified with the affine subbundle C7* E E x {1} — > iJ* of £7 E E xE = C7 E E — ► E* and, under 
this identification, the Reeb section Rh is the Hamiltonian section of 7Te^ : C Te E — ► £?* 
(see H9.20 ). Therefore, S/, = Rh{E*) may be identified with the Lagrangian submanifold Sjj = 
£,h{E*) of the symplectic Lie algebroid 7Te^ : C Te E — » 73* associated with the Hamiltonian 
function if. This submanifold was considered in JHj in order to describe the Hamiltonian 
dynamics. 

9.2. Lie affgebroids and time-dependent Mechanics. Let r : M — > R be a fibration and 
Ti o : J 1 !" — > M be the associated Lie affgebroid modelled on the vector bundle 7r = (ttm)\vt '■ 
Vt — * M . As we know, the bidual vector bundle J 1 t to the affine bundle ti.o : J l T — > M may 
be identified with the tangent bundle TM to M and, under this identification, the Lie algebroid 
structure on ttm ■ TM — > M is the standard Lie algebroid structure and the 1-cocycle lji T on 
ttm '■ TM — > M is just the 1-form 77 = r*(dt), t being the coordinate on R (see Section |2~2*|) . 
If (t,? 1 ) are local fibred coordinates on M then {^r} (respectively, {^, ^r}) is a local basis 
of sections of ir : Vt — > M (respectively, ttm ■ TM — > M). Denote by [t,q % ,q % ) (respectively, 
(t,q l ,i,q z )) the corresponding local coordinates on Vt (respectively, TM). Then, the (local) 
structure functions of TM with respect to this local trivialization are given by 

Cy = and Pj = Sij, for i, j, k G {0, 1, . . . , n}. 

Now, let 7r* : V*t — » M be the dual vector bundle to 7r : VY — > M and suppose that ir^ : 
V*t — > R is the fibration defined by 7rJ = rot*, that (771)1,0 : J x n\ — > V^*r is the 1-jet 
bundle of local sections of 7TJ : V*t — ► R and that pji T : J r — > TM is the anchor map of 
T10 : J 1 ?" — > M (pji T is the canonical inclusion of J 1 t on TM). Then, one may introduce an 
isomorphism F (over the identity of V*t) between the Lie affgebroids (71^)1.0 : J 1 ^ — > V*t 
and t!9^ : P*ji t (T(V*t)) -> V*t as follows. If fiip € J 1 ^, with t £ I and ip : I C R -> V*t 
is a local section of 7T* : V*t — > R, then there exists a unique z G J 1 t such that pji T (z) = 
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(T^( t )7r*)(^(i)) and we define 

F(j^) = (z,(T m n*)(iP(t))). 

On the other hand, since the anchor map of ttm '■ TM — > M is the identity of TM, it follows 
that the Lie algebroids '■ £*" (TM) — > V*t and ttv-t ■ T(V*t) — » F*r are isomorphic. 
Note that if (t,q l ,pi;i,q l ,pi) are the local coordinates on T(V*t) induced by (t,q l ,pi) then 
the local equation defining J 1 ^ as an affine subbundle of ttv-t ■ T(V*t) — > V^*r is £ = 1. 
Therefore, (t,q l ,pi;q t ,pi) is a system of local coordinates on J 1 ^*. 

Next, let He a Hamiltonian section, that is, h : V*t —> (J 1 t) + = T*M is a section of the 
canonical projection of fi : (J 1 r) + = T*M — » V*t. h is locally given by 

h(t,q\pi) = (t,g*,- J ff(t,? J ,Pi),Pi)- 
Moreover, the cosymplectic structure (O^, 77) on the Lie algebroid ttJ.j : £ 7r (TM) = T(V*t) — ► 
F*r is, in this case, the standard cosymplectic structure (0^,77) on the manifold F*r locally 
given by 

c^if dH 
Qft = dg l A dpi + -Tr-dq 1 Adt + — — dpi Adt, n = dt. 
oq l dpi 

Thus, the Reeb section of (O^,, 77) is the vector field Rh on V*t defined by 

d dH d dH d 

_|_ | 

1 dt dpi dq i dq l dpi 
It is clear that the integral sections of Rh 

t^(t iq \t), Pl (t)) 

are just the solutions of the classical non-autonomous Hamilton equations 

d(f__dH_ dpH_ dH_ 
dt dpi ' dt dq l 

Moreover, if Sh is the Lagrangian submanifold of the symplectic Lie affgebroid 7ry*^ : P*ji t (V*t) 
= J 1 ^ — > V*t given by Sh = Rh(V*r) then the local equations defining Sh are 

., dH dH 



dpi ' V% dq l 



that is, the Hamilton equations for h. 



Remark 9.1. As we know (see Section ETA. (J 1 r)+ = T*M is an affine bundle over V*t 
of rank 1 modelled on the trivial vector bundle tv* tx r : V*r X R — * V*t and the affine 
bundle projection is the map /i : (J 1 r) + = T*M — > V*t. Furthermore, the Hamiltonian 
section h induces an affine function Fh on T*M. In the particular case when the fibration 
r is trivial, that is, M = M. x Q and r is the canonical projection on the first factor then 
T*M = r(lxQ)~(RxM)x T*Q, V*t ~1x T*Q and under these identifications /x is the 
projection given by 

fi(t,p,a q ) — (t,a q ), for a q £T*Q and (t,p)eRxR. 

Thus, /i may be considered as the Hamiltonian function if on K x T*Q. In addition, the affine 
function F h = F H on T*M ~ (I x 8) x T*Q is given by 

F h (t,p,a q ) = F H (t,p,a q ) = -H(t,a q ) - p. 
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Note that Fh = Fh is, up to the sign, the classical extension of H to a Hamiltonian function 
H + on the extended phase space T*(R x Q) (see 9 and the references therein). 

Finally, if L : J x t — > R is a time-dependent Lagrangian function then the local equations 
defining the corresponding Lagrangian submanifold Sl are (see i[8.4|l ) 

<M) * = f , 

(9.5) # = 

Note that Eqs. I|9.4|) give the definition of the momenta and Eqs. (|9.5J) are just the Euler- 
Lagrange equations for L. 

9.3. Atiyah affgebroids and nonautonomous Hamilton(Lagrange)-Poincare equa- 
tions. 

9.3.1. Atiyah affgebroids. Let p : Q — > M be a principal G-bundle. Denote by $ : G x Q — > Q 
the free action of G on G; and by T$ : G x TQ — > TQ the tangent action of G on TQ. Then, 
one may consider the quotient vector bundle itq\G : TQ/G — > M = Q/G and the sections of 
this vector bundle may be identified with the vector fields on Q which are invariant under the 
action <i>. Using that every G-invariant vector field on Q is p-projectable and that the usual Lie 
bracket on vector fields is closed with respect to G-invariant vector fields, we can induce a Lie 
algebroid structure on TQ/G. This Lie algebroid is called the Atiyah algebroid associated with 
the principal G-bundle p : Q — > M (see [THIHH] ). 

Now, we suppose that v : M — > R is a fibration of M on R. Denote by r : Q — > R the 
composition r = v op. Then, $ induces an action J 1 $ : G x JV — > JV of G on J x r such that 

for g £ G and 7 : / C R — > Q a local section of r, with t € I. Moreover, the projection 

n, |G : JV/G ^ M, ^ p(T h0 (jh)) = p(j(t)) 

defines an affine bundle on M which is modelled on the quotient vector bundle 

n\G : Vt/G -> M, [u q ] ^ p(q), for u q 6 U g r, 

7r : Ur — > Q being the vertical bundle of the fibration r : Q — > R. Here, the action of G on Ur 

is the restriction to Ur of the tangent action T$ of G on TQ. 

In addition, the bidual vector bundle of JV/G -> M is ttq|G : TQ/G M. 

On the other hand, if t is the usual coordinate on R, the 1-form r*(dt) is G-invariant and defines 

a non-zero I-cocycle : TQ/G -> R on the Atiyah algebroid TQ/G. Note that ^-jl} = JV|G 

and therefore, one may consider the corresponding Lie affgebroid structure on J 1 t/G (see |lfi]L 

J x t /G endowed with this structure is called the Atiyah affgebroid associated with the principal 

G-bundle p : Q — > M and the fibration v : M — * R. 

Now, let K : TQ — > be a connection in the principal bundle p : Q — * M. This connection will 
allow us to determine an isomorphism between the vector bundles TQ/G — > M and TM®j — > 
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M, where g is the Lie algebra of G and g = (Q x g)/G is the adjoint bundle associated with 
the principal bundle p : Q — > M. In fact, this isomorphism is defined as follows (see 

I K ■ TQ/G - TM © g, [u q ] ^ (T,p)(u,) © [(<?, K(u q ))}. 

Using this identification, we can induce a Lie algebroid structure on TM © g in such a way 
that Ik is a Lie algebroid isomorphism. In addition, the 1-cocycle <fr induces a 1-cocycle </>' on 
TM ffig given by 4>'{v p{q) © [(<?,£)]) = (7r*ttt)(p(?))(w P ( g )), for v p[q) G T p(g) M and £ € fl. It is 
clear that (0') _1 {1} may be identified with the affine bundle (over M) J l v®g. Thus, the affinc 
bundle J 1 f©0 — > M is a Lie affgebroid and, from Proposition ^. 21 ijc induces an isomorphism 
between the Lie affgebroids J 1 r/G and J x v © g. 

Denote by B : TQ © TQ — > g the curvature of if. Then, we will obtain a local basis of r(7TQ |G) 
as follows. Let £/ x G be a local trivialization of p : Q — > M, where [/ is an open subset of M 
and let e be the identity element of G. Assume that there are local fibred coordinates (t,x l ) in 
U and that {£ a } is a basis of g. Denote by } the corresponding left-invariant vector fields 
on G, that is, (g) = (T e L g )(£ a ), for g G G, where L s : G — > G is the left translation by <?. 
Moreover, suppose that 

K (m Kx J = K S(^a, K(JL [{xe) ) = K?(x)£ a , i€{l,...,m}, 

B (lk\(x,ey ~5x*\(x,e)) = B 0i( x )£a, B {~5^\( x ,ey 3x7|(x,e)) = B i]( X )^, hj G {1, . . . 

for x € U. Note that if {c ^} are the structure constants of g with respect to the basis {£ a } 
then 

_ 3K9 BK§ b OK] d K9 b 



Now, the horizontal lift of the vector fields { Jj, t^-} to p 1 (U) = U x G is given by 



Therefore, the vector fields on U x G 

(9-6) {e = £ - X a e , e, = A - , e b = 4 L } 

are G-invariant and they define a local basis {e^e-,^} of T(ttq\G). We will denote by 
(t,x l ;i 7 x l ,v a ) (respectively, (t, x l ; x % , v a )) the corresponding fibred coordinates on TQ/G (res- 
pectively, J 1 r/G). Then, if ([■, -]tq/G: Ptq/g) IS tne Lie algebroid structure on TQ/G, we 
deduce that 

I e o> e 'jlTQ/G = -B c 0j e' c , [ej, e;.] TQ/G = [e&, GqItq/g = c£ 6 Jt§ e ;, 

K, e'J TQ/G = c^^e' c! K, e' b ] TQ/G = 
d d 

PTQ/G(e'o) = -Q, PTQ/G^'i) = -Q-, PTQ/cifi'a) = 0. 
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Thus, the (local) structure functions of the Lie algebroid ttq\G : TQ/G — > M with respect to a 
local trivialization are zero except the following 

/~m _ na fic _ r~ic _ c rsb 

(9-7) C?j = -Bfji C£ a = — G^ = cJ^iCj , G c ah = c c ab , 

Po = l> Pj = Sij- 

9.3.2. Nonautonomous Hamilton-Poincare equations. Let 7r* : V*r — > Q be the dual vector 
bundle to the vertical bundle tt : Vt — > Q. Then, the Lie group G acts on F*r and one may 
consider the corresponding quotient vector bundle ir*\G : V*t/G — > M = Q/G. It is easy to 
prove that this vector bundle is isomorphic to the dual vector bundle to ir\G : Vt/G — > M. 
Moreover, using that the action of G on V*t is free, it follows that V*t is a principal G-bundlc 
over V*t/G with bundle projection py* T ■ V*r — ► U*r/G. Thus, we have the corresponding 
Atiyah algebroid 7ry» r |G : T(U*r)/G — > V"*r/G and, in addition, the exact 1-form (7r*)* (<it) on 
F*r, which is G-invariant, induces a 1-cocycle fj : T(F*r)/G ->Mon w v * T \G : T(V*t)/G -> 
V*t/G. In fact, ?y is given by 

(9-8) fj([X aq ))=X a<l (w* 1 ), 
for X Q9 G T ag (7*r) and a, G U g *r. 

Now, denote by C**\ G (TQ/G) the prolongation of the Atiyah algebroid n Q \G : TQ/G -» M 
over the fibration tt*|G : 7*r/G -> M and by rj : C**\ G (TQ/G) -> R the 1-cocycle defined by 
(|3.2() . Then, we introduce the map 

{ptq ° Ttt* , Tpy* T ) : T(U*r) -» £**\°(TQ/G) C TQ/G x T(U*r/G) 

given by 

(9.9) (pro oT7r*,Tpv.r)(^) = (Pr Q ((r Q(! 7r*)(X a J), (T a ,py. r )(X«.)), 

for X Qij G T ag (V*r) and a g G V 9 *r, where ptq : — > TQ/G is the canonical projection. 
Next, we will consider the fibration ^o7r*|G : V*t/G — > M and the Atiyah affgebroid associated 
with the principal G-bundle py* r : V*t — > (V*r)/G and the projection f o n*\G. Since v o 
7r*|G opy„ T = 7r*, it follows that the Atiyah affgebroid is the quotient affine bundle (jr*)i t o\G : 
J 1 -k\/G -> V^*r/G, where K)i >0 [G is defined by 

for 7 : I C R — > V™t a local section of 7r* and t E I. Note that the Lie affgebroids ?7~ 1 {1} and 
(tti)i,o|G : J 1 7r 1 /G — > y*r/G may be identified in such a way that the bidual Lie algebroid 
to K)i,o|G : JVJ/G -» F*r/G also may be identified with 7r y . T |G : T{V*t)/G -> ^*r/G. 
Under the above identifications, the 1-cocycle l(ji,r*/G) is j us t 



Theorem 9.2. (i) T/ie map {pTQ°T-K*,Tpy* T ) induces an isomorphism (ptq oT-k* ,Tpy* T ), 
over the identity of V*t/G, between the Lie algebroids iry* T \G : T(V*t)/G — » U*t/G and 
Ty*'f G : £*'\ G {TQ/G) -> U*r/G. Furthermore, 



(9.10) 



LAGRANGIAN SUBMANIFOLDS AND DYNAMICS ON LIE AFFGEBROIDS 



45 



(ii) The restriction of the map (ptq ° IV*, Tpy* T ) to J l ir*/G induces an isomorphism, over 
the identity of V*t / G , between the Atiyah affgebroid (7Ti)* \G : J Xr K\/G — * V*t/G and the Lie 
affgebroid t^ g : P*^ t/g (T(V*t/G)) -> V*r/G. 

Proof. The cotangent lift of <& defines an action of G on T*Q and it is clear that the cano- 
nical projection \i : T*Q — > V*r is G-equi variant. Thus, [i induces an epimorphism /i|G : 
T*Q/G -> V*t/G between the quotient vector bundles T*Q/G and V*t/G. Therefore, if 
(n Q \G)* : T*Q/G -> M is the dual vector bundle to the Atiyah algebroid tt q \G : TQ/G -> M 
and C^\°y(TQ/G) is the prolongation of n Q \G : TQ/G -> M over the fibration {n Q \G)* : 
T*Q/G — ► M, one may introduce the epimorphism 

(Id,T(fi\G)) : C { ^ G) '{TQ/G) -> C W ^ G (TQ/G) 

between the Lie algebroids C^W* (TQ/G) C TQ/G x T(T*Q/G) and C^*\ G \TQ/G) C 
TQ/G x T(V*r/G) defined by 

(7d,T( M |G))(K],X K/] ) = (K],(T K , ] ( M |G))(X K , ] )), 

for u 9 e T g Q and X[ a ,] G T[ Q ,j(T*Q/G), with ay e T*/Q. 

The tangent map to /i, T/i : T(T*Q) — ► T(V*r), is also G-invariant with respect to the tangent 
actions of G on T(T*Q) and T(V*r). This implies that T/i induces an epimorphism between 
the vector bundles tt t , q \G : T(T*Q)/G -> T*Q/G and 7r y - r |G : T(y*r)/G -> V*t/ G - In 
addition, since T\x is an epimorphism over \x between the Lie algebroids ttt*q '■ T(T*Q) — ► T*Q 
and tt v . t : T(y*r) -> V*r, we deduce that the map T(t\G : T{T*Q)/G -> T{V*t)/G is 
also an epimorphism over /i\G : T*Q/G — ► V*t/G between the Lie algebroids T(T*Q)/G and 
T{V*t)/G. 

Now, denote by ttq : T*Q — > Q the bundle projection, by pt*q : T*Q — > T*Q/G the canonical 
projection and by (p TQ o Ttt q ,T Pt -q) : T(T*Q) -> C^oW (TQ/G) the map defined by 

(p T Q oT7r^,Tp T . Q )(X Q J = (p TQ ((T aq n Q )(X aq )),(T aq p T , Q ))(X aq )), 

for X Qg e T aq (T*Q), with a, e T 9 *Q. 



Then, this map induces an isomorphism (ptq °Tttq,Tpt*q), over the identity of T*Q/G, 
between the Lie algebroids T{T*Q)/G -> T*Q/G and £( W «I G )* (TQ/G) -> T*Q/G (see Theorem 
9.3 in HD]). 

On the other hand, using (|9.9|l . it follows that the map {ptq ° Tir* ,Tp v * T ) : T(V*t) — > 



C**\ G (TQ/G) induces a map {p TQ oTir\Tp v , T ): T(V*t)/G -> C^\ G (TQ/G) between the 
spaces T{V*t)/G and £**\ G (TQ/G). Furthermore, it is easy to prove that the following diagram 
is commutative 

T(T*Q)/G T(V*t)/G 



{ptq°Ttt* q ,Tp t »q) 



(p TQ oTir*,Tp v ,i 



(Id,T(u\G)) 

C^q\G) (TQ/G) C* l G (TQ/G) 
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Thus, the map (ptq ° Ttt* ,Tpv* T ) is an epimorphism over the identity of V*t/G between 
the Lie algebroids T(V*r)/G -> V*t/G and £ n *\ G (TQ/G) -> V*t/G. Therefore, using that 

the ranks of these Lie algebroids are equal, we deduce that the map (j>tq Ttt*, Tpy T ) is an 
isomorphism, over the identity of V*t/G, between the Lie algebroids. Moreover, from 1(3.2(1 . 
(|9~%|) and |nini> , it follows lj9~TT))l . This proves (i). 

On the other hand, using (z) and since ?7 _1 {1} is the total space of the Lie affgebroid Ky^G '■ 
Pjw\g(T{V*t/G)) -> V*t/G (see Section©, we deduce (ii). □ 

As we know, the bidual Lie algebroid to T\$\G may be identified with the Atiyah algebroid 
ir Q \G : TQ/G -> M. Thus, the vector bundles (J 1 r/G)+ -> M and T*Q/G -> M are isomor- 
phic. 

Now, suppose that h : V*t/G — > (J 1 t/G) + = T*Q/G is a Hamiltonian section. Then, we 
have that /i induces a Hamiltonian section h : V*t — » T*Q with respect to the Lie affgebroid 
ri )0 : JV — > Q (note that (T*Q/G) p ( q ) = T*Q, for all g G Q). Moreover, using the G- 
equivariant character of h, we deduce that the standard cosymplectic structure (^,77) on V*t 
(see Section 19. 2|) is also G-invariant. Thus, it induces a cosymplectic structure on the Lie 
algebroid £"'\ G (TQ/G) = T(V*t)/G -> V*t/G. This cosymplectic structure is just (il h ,rj). 
In addition, it is clear that the Reeb vector field R h of (O^, fj) is also G-invariant and, therefore, 
it induces a section of the Lie algebroid £**\ G (TQ/G) ^ T(V*t)/G -> V*t/G which is just 
the Reeb section Rh of (Vth,rj). Consequently, the solutions of the Hamilton equations for h 
(that is, the integral curves on V*t/G of the vector field p^Q/ G (Rh)) are just the solutions of 
the nonautonomous Hamilton- Poincare equations for h. 

Next, we will obtain the expression of these equations. Let {e'o,e'i,e' a } be the local basis of 
r(7TQ|G) considered in Section 19.3.11 Then, {e-,ej,} is a local basis of r(7r|G) and may con- 
sider the corresponding local coordinates {t,x l ,Pi,p a ) (respectively, {t,x l ;pt,Pi,p a )) on V*t/G 
(respectively, T*Q/G). Suppose that h is locally given by 

h(t,x\pi,p a ) = (t,x\ -H(t,x J ,Pj,pb),Pi,p a )- 

Using ((3.9(1 and (|9.7J) . we get the Hamilton equations for h (the Hamilton-Poincare equations 
for h), 

dx* dH dp, dH / b , Rb dH b c dH \ 

^ - d (c c K b + c c K b — - c c 

Now, we will obtain the local equations defining the Lagrangian submanifold Sh = Rh{V*r/G) 
of the symplectic Lie affgebroid Pji t / G (T(V*t/G)) = J 1 7r 1 /G. For this purpose, we consider 
local coordinates (t,x i ,Pi,p a ;x i ,v a ,pi,p a } on P*ji t/g (T(V*t/G)) = J x ix\jG. 
Using 1)3.7(1 and 1)9.7(1 . we get that the Reeb section Rh is given by 

. dH. dH _ (dH . , dH b T ^ c 8H\ 

( c tA,- r tA- dH _ dH\_ 
+ [fab K 0Pc + c ab K kPc — - c abPc —Je a , 
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where {eo, Sj, e a , a, e a } is the local basis of sections of C V *' G (TQ/G) — > V*t/G induced by 
{e' Ql e' i: e' a }. Thus, the local equations defining the submanifold Sh of P*ji t / g {T(V*t/G)) = 

. dH , dH . dH r, , dH b „ c dH\ 
- — - ( c Tfb c j^b^H c dH\ 

Pa - Pc [c ab K Q + C ab K k — -CabgfJ- 



In other words, 



OPa 

dx* dH d Pi dH , Rb dH b dH^ 



(9.11) 



dt dp, 1 dt dx* "°v Ui Kt d Pk ac 1 Bp J 

^» - S (c c K b + c c K b — - c c —\ 
Note that Eqs. (|9.11() are just the Hamilton-Poincare equations for h 



9.3.3. Nonautonomous Lagrange- Poincare equations. The action J 1 ^ of G on J 1 t is free and 
J T is the total space of a principal G-bundle over J 1 t/G with bundle projection pjx T : J r — > 
J 1 r/G. Therefore, we have the corresponding Atiyah algebroid 7Tji T |G : T(J 1 t)/G — > J 1 r/G 
and, in addition, the exact 1-form rl{dt) on J 1 t, which is G-invariant, induces a 1-cocycle 
0o : T(JV)/G -> K on 7rji T |G : T(jV)/G -> JV/G. Here, r x : JV — » R is the map r o n , . 
Now, denote by C Tl ^ G (TQ/G) the prolongation of the Atiyah algebroid 7r Q |G : TQ/G -> M 
over the fibration n )0 |G : JV/G -> M and by O : £ Tl ' o|G (TQ/G) -> R the 1-cocycle defined by 
633. We recall that ^ X {1} is the Lie affgebroid (ti,q|G)( t1 .°I g ) : J j1 ^ g {J 1 t/G) -> JV/G 
(see Section 0J. Moreover, we may introduce the map 

(pTQ°Tpji T1 T P ji T ) : T(JV) -» £ T1 '°I G (TQ/G) C TQ/G x T(jV/G) 

given by 

(9.12) (p TQ o Tpji T ,Tp J i T )(X j i 7 ) = (p TQ ((T j i 1 pji T )(X j i n/ )), (T^pjx^X^))), 

for Xji^ £ Tji^(J t) and ^7 6 J r, where pji T : J 7 — > TQ is the anchor map of the Lie 
affgebroid 71,0 : JV — » Q. 

On the other hand, we consider the fibration v o T\$\G : J 1 t /G — > R and the Atiyah affgebroid 
associated with the principal G-bundle p.ji T : J r — > J 1 t/G and the projection v o 7i,o|G. 
Since v o t\$\G °p,/i r = T\, it follows that the Atiyah affgebroid is the quotient affine bundle 
(ti)i,o |G : JVi/G -> JV/G, where (ri)i, |G is defined by 

((ri)i,o|G)([j t 1 7]) = [(n)i,o(it 1 7)] = [7(*)], 

for 7 : I C R — > J 1 r a local section of rj and tel. Note that the Lie affgebroids O ~ 1 {1} and 
(ti)i.o|G : (J 1 ri)/G — > A/ may be identified in such a way that the bidual Lie algebroid to 
(n)i, |G : (jVij/G -> JV/G may be identified with 7r, 7 i r |G : T(J 1 r)/G -> JV/G. Under 
the above identifications, the 1-cocycle 1(ji T i)/g is just </>o. 
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Theorem 9.3. (i) The map (ptq ° T Pj i T , T Pj i T ) : T(J 1 r) -> C Tl ^ G (TQ/G) induces an 

isomorphism ( P tq ° Tpji T ,T P ji T ) , over the identity of J 1 t/G, between the Lie algebroids 
■Kjx T \G : r(jV)/G -> JV/G and (7r Q |G) ri '°l G : C Tl ^ G (TQ/G) -> JV/G. Furthermore, 



(ii) The restriction of the map (jptq T pji T ,Tpji T ) to (J\Tx)/G induces an isomorphism, over 
the identity of (J 1 r)/G, between the Atiyah affgebroid (ti)i.o|G : (J 1 ti)/G — > J 1 r/G and the 
Lie affgebroid (ti )0 |G)( Ti .°I g ) : J^^^t/G) -> JV/G. 

Proof, (i) From H9.12[l it follows that (ptq °Tpji T ,Tpji T ) induces a morphism, over the iden- 
tity of JV/G, between the Lie algebroids 7rji r |G : T(jV)/G -> JV/G and (ttq|G) Ti . I g : 

C T1 -°\ G (TQ/G) -> JV/G. We denote this morphism by (p TQ oTpji T ,Tpji T ). Moreover, pro- 
ceeding as in the proof of Theorem l9.2l and using the G-equivariant character of pji T , Theorem 
9.1 in HO] and the fact that the tangent map to pji T , T(pji T ) : T(J x t) T(TQ), is a G- 
equivariant Lie algebroid monomorphism over pji r ,we deduce (i). 

(ii) It follows using (i). □ 

Now, suppose that I : J 1 r/G — » M is a Lagrangian function. Then, we will denote by L : J 1 r — * 
R the function given by L — I o Pj i T . Since L is a G-invariant Lagrangian function, we deduce 
that the Poincare-Cartan 2-form Vlj, on J x t is also G-invariant. Thus, it induces a section of 
the vector bundle A 2 (C Tl ^ G (TQ/G)*) A 2 (T*( J 1 t)/G) JV/G. This section is just the 
Poincare-Cartan 2-section associated with /. Therefore, the solutions of the Euler-Lagrange 
equations for I are just the solutions of the nonautonomous Lagrange- Poincare equations for 



Next, we will obtain the expression of these equations. Let {eo,ei,e a } be the local basis of 
G-invariant vector fields on Q defined as in (j9.6|l and (t, x l ,i l ,v a ) (respectively, (t, x l ,t,x l ,v a )) 
be the corresponding local fibred coordinates on J 1 r/G (respectively, J 1 t/G = TQ/G). Using 
(|3.21() and (|9.7|l . we obtain the Euler-Lagrange equations for I (that is, the Lagrange-Poincare 
equations for L) , 



On the other hand, we consider the local coordinates (t,x I ,pi,Pa',x' i ,v a ,Pi, Pa ) on J li Ki/G = 
P*ji t i g {T(V*t/G)). Then, the local equations defining the Lagrangian submanifold Si are (see 



{{Ptq oTpji T ,T Pj i T ),Id)*<f> = 4> . 



L. 



dl 

dx 1 



d / dl \ 
dtVdx 1 ) 





«E3) 
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or, in other words, 

(9-13) pi = p a = 

ox 1 ov a 



(9.14) dx% dt 



' lpl =Pb(B° 0l B'U-'+rllK.r 1 



I b ryC i b ryC - j b —d 

Pa=Pb[ c ac K a + c ac K jX J - c ad v 



Eqs. i|9.13[l give the definition of the momenta and Eqs. I|9.14|l are just the Lagrange-Poincare 
equations for L. 
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